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Abstract
A plastic-damage model for plain concrete is developed in this work. The model uses two
different yield criteria: one for plasticity and one for damage. In order to account both for
compression and tension loadings, the damage criterion is divided into two parts: one for
compression and a second for tension. The superscripts (+) and (-) in this work are used to
represent tension and compression cases, respectively. The total stress is decomposed into
tension and compressions components. The total strain is decomposed into elastic and plastic
parts. The strain equivalence concept is used such that the strains in the effective (undamaged)
and damaged configurations are equal to each other (i.e. ε ij = ε ij ). The formulations are
extended from the scalar damage to the second order damage tensor. The Lubliner model for
plasticity is used in this work. A numerical algorithm is coded using the user subroutine
UMAT and then implemented in the advanced finite element program ABAQUS. The
numerical simulations are conducted for normal and high strength concrete. The proposed
model is also used to compare between the high strength and normal strength concrete. In
addition, the three point and four point notched beams are used in the analysis in order to
obtain the damage evolution across the beams. Two different meshes, a coarse and a dense, are
used for the beams analysis. Beam damage evolution for different displacements is shown at
different steps of loading. In all the examples, the results are compared with available
experimental data. The results show very good correlation with the experimental data. Damage
evolution across the beams is very similar to the experimental crack band. This indicates the
accuracy of the method. Computationally, the model is also efficient and consumes minimal
computational time.

vii

Chapter 1 Introduction
1.1 Research Objectives
Concrete is widely used as a material in numerous civil engineering structures. Due to its
ability to be cast on site, it allows to be used for different shapes in structures; such as arcs,
ellipsoids etc. This increases the demand for use of concrete in structures. It is crucial to
understand the behavior of concrete under different loading conditions such as compression
and tension, and under uniaxial, biaxial and triaxial loadings. In recent years, there is an
increase in the use of concrete as a primary structural material in complex structures such as
tall buildings, offshore oil platforms, floating and submerged structures, nuclear and liquefied
gas containment structures, bridges, dams, and coal gasification vessels. The use of concrete in
structures is mainly partly due to the advances made in the concrete technology and partly due
to the economic edge that concrete has over other materials.
Challenges in designing complex concrete structures have prompted the structural engineer
to acquire a sound understanding of the structural behavior of concrete. The use of damage
mechanisms and plasticity in concrete materials is necessary in order to accurately predict the
material behavior due to various loading conditions. Since concrete mixtures include different
type of materials, concrete can be considered as a composite material. One of the most
important characteristics of concrete is its low tensile strength, which results in tensile
cracking at a very low stress compared with compressive stresses. The tensile cracking reduces
the stiffness of the concrete components, such as panels and shells, where the stress is
predominantly of the biaxial tension-compression type (Chen, 1982). For these structures, the
accurate modeling of cracking behavior of concrete is very crucial. The non-linear material
behavior of concrete can be attributed to two distinct material mechanical processes: plasticity

1

(slippage along grain boundaries, etc.) and damage mechanisms (micro-cracks, micro-cavities,
nucleation and coalescence, decohosion, grain boundary cracks, and cleavage in regions of
high stress concentration). These two degradation phenomena may be described best by the
concepts of plasticity and continuum damage mechanics. Therefore the development of a
model that accounts for both plasticity and damage is important to be developed to account for
such material behavior. In this work both a plastic and damage model developed for the use in
the analysis of concrete structures.
Concrete contains a large number of micro-cracks, especially at interfaces between coarser
aggregates and mortar, even before any load is applied. This property is decisive in the
mechanical behavior of concrete. The propagation of these micro-cracks during loading
contributes to the nonlinear behavior of concrete at low stress level and causes volume
expansion near failure.
Many of these micro-cracks are caused by segregation, shrinkage, or thermal expansion in
the mortar. Some micro-cracks may be developed during loading because of the difference in
the stiffnessess between the aggregate and mortar. This difference can result in strains in the
interface zone which is several times larger than the average strain. Since the aggregate-mortar
interface has a significantly lower tensile strength than mortar, it constitutes the weakest link
in the composite system. This is the primary reason for the low tension strength of the concrete
material. Considering all these effects in concrete, it is clear that the size and texture of the
aggregates will have a significant effect on the mechanical behavior of concrete under various
types of loading. Nonlinearity is caused by two effects as it was mentioned previously;
cracking of the concrete and plasticity due to compression in concrete. The time-dependent
effects such as creep, shrinkage, and temperature change also contribute to the nonlinear
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response in concrete.
In this chapter a comprehensive review of plasticity and damage in concrete is presented. A
review is also presented of the coupled plastic-damage models in concrete and their respective
response under different loading conditions is presented. Few attempts were made in
understanding the concrete behavior under the combined plasticity and damage effect. The
existing theories are either too restrictive to cases of individual loadings in tension,
compression or both or includes complex load cases. The goal in this work is to analyze
concrete behavior when it is subjected to different loads under which plasticity and damage
occur simultaneously in concrete. The model predictions are compared with the corresponding
experimental and analytical results of previous investigations that appear to represent the
observed experimental data within reasonable engineering solution. The present study
proposes a new constitutive model for concrete. The model is able to predict the concrete
behavior under both tension and compression. The model is implemented in the advanced
finite element program ABAQUS (2003) using a user subroutine that is the equations are
defined firstly then they are coded and implemented in ABAQUS as an input file. The model
gives a good agreement with the experimental data for both compression and tension cases as
well as in beam bending for three and four-point notched beams.

1.2. General Description of the Concrete Behavior
It is important and necessary to review the main aspects of the behavior of concrete in order
to get a better understanding of its behavior. Understanding the behavior of concrete under
different loadings within the framework of plasticity and damage mechanics would lead to a
better design of structures.
As it is mentioned previously, concrete may be regarded as a composition of three
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components which are the cement matrix, the aggregate, and the interface between the matrix
and the aggregate. The aggregate-matrix zone is the most porous part of the composite and
therefore it is considered to be the weakest zone in the composition of the concrete material.
The failure behavior of concrete is governed by complex degradation processes within the
aggregate-matrix interface. These different processes are shown in Fig. 1.1. The aggregatematrix interface contains fine cracks which are also called micro-cracks even before any load
has been applied to the concrete as shown in Fig. 1.1(a).

a)

b)

c)

d)

Fig.1.1 Aggregate-matrix interface: a) prior to loading, b) 65% of ultimate load,
c) 85% of ultimate load, d) failure load (Buyukozturk et al., 1971)
The formation of such cracks is due primarily to the strain and stress concentrations
resulting from the incompatibility of the elastic moduli of the aggregate and paste components.
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Strain concentrations at the aggregate- mortar interface may occur as a result of volume
changes in concrete due to shrinkage or/and thermal effects. These micro-cracks or so called
“bond cracks” spread to cause major cracks at failure. Investigations have shown (Slate and
Olsefski, 1963; Hsu, et al., 1963; Kotsovos and Newman, 1977) that concrete compression
behavior and fracture characteristics may be explained by the creation and propagation of
micro-cracks inside the concrete. It is observed that under different applied loadings, the
concrete behavior can be summarized in four categories or stages. These four stages are
illustrated in Fig. 1.2.

Fig.1.2 Uniaxial stress-strain relation of concrete, Chen (1982).
The region of Stage I show up to 30-60 percent of the ultimate strength (shown as 45 percent
in Fig. 1.2). In this initial stage, one can observe the highest tensile strain concentrations at
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particular points where micro-cracks in addition to those pre-existing in the material are
initiated as shown Fig.1.1 (b). At this load state, localized cracks are initiated, but they do not
propagate. Stresses up to 70-90 percent of the ultimate strength (shown as 85 percent in Figure
1.2) characterize the second stage (stage II). In this stage, as the applied load is increased, the
crack system multiplies and propagates as shown in Fig.1.1(c). The increase of the internal
damage, revealed by deviation from the linear elastic behavior, causes irrecoverable
deformation in unloading. Although the relief of strain concentration continues during this
stage, void formation causes the rate of increase of the tensile strain in the direction normal to
that of branching to increase with respect to the rate of increase of the strain in the direction of
branching (Kotsovos and Newman, 1977). The start of such deformation behavior is called
“onset of stable fracture propagation” (OSFP). In this load stage, the mortar cracks tend to
bridge bond cracks.
A third stage as seen in Fig.1.2 is applied up to the ultimate strength. Interface micro-cracks
are linked to each other by mortar cracks, Fig. 1.1(c), and void formation (dilation) begins to
have its effect on deformation at this stage. The start of this stage has been termed the so called
“onset of unstable fracture propagation” (OUFP). This level is easily defined since it
coincides with the level at which the overall volume of the material becomes a minimum. In
this stage, the progressive failure of concrete is primarily caused by cracks through the mortar.
These cracks merge with bond cracks at the surface of nearby aggregates and forms crack
zones of internal damage. Following that, a smoothly varying deformation pattern may change
and further deformations may be localized.
A fourth stage defines the region beyond the ultimate strength. In this region (stage IV in
Figure 1.2), the energy released by the propagation of a crack is greater than the energy needed
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for propagation. Therefore, the cracks become unstable and self-propagating until complete
disruption and failure occurs. In this stage, the major cracks form parallel to the direction of
the applied load, causing failure of the concrete. The volume of voids increases dramatically,
causing a rapid dilation of the overall volume of concrete as shown in Fig. 1.1(d).
All the above stages that are mentioned here are for the uniaxial compression case. Stage I,
stages II and stage III, and stage IV could be categorized into the linear elastic stage, the
inelastic stage, and the localized stage, respectively. In understanding the real behavior of
concrete all these four stages are crucial in understanding them and accounting for the
development of any concrete model.
The nonlinear stress-strain behavior of concrete can be seen in Fig. 1.3. The figure shows a
typical stress-strain curve in a uniaxial compression test. The three deformations patterns that
were mentioned before can also be observed in the same manner. There are three deformation
stages observed by Kotsovos and Newman, (1977). The first state corresponds to a stress in the
region up to 30% of the maximum compressive stress f c′ . At this stage, the cracks that exist in
concrete before loading remain nearly unchanged. Hence, the stress-strain behavior is linearly
elastic. Therefore, 0.3 f c′ is usually proposed as the limit of elasticity. Beyond this limit, the
stress-strain curve begins to deviate from a straight line. Stresses between 30% and about 75%
of f c′ characterize the second stage, in which bond cracks start to increase in length, width,
and number, and later some cracks at nearby aggregate surfaces bridge in the form of mortar
cracks. With significant cracking developed, material nonlinearity becomes more evident.
However, the crack propagation at this stage is still stable until the stress reaches the level of
about 75% of f c′ . Hence, 0.75 f c′ is generally termed the onset of unstable fracture
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propagation as it was mentioned earlier. Further increase of the load eventually results in
unstable fracture, and in the third stage, the progressive failure of concrete is primarily caused
by cracks through the mortar (Chen, 1982). Coalescence of these cracks form crack zones.
This may cause the smoothly varying deformation pattern to change, and further deformations
may be localized.

Fig. 1.3: Typical uniaxial compressive stress-strain curve (Kupfer et al, 1969)
In biaxial compression-tension as shown in Fig.1.4 the magnitude at failure for both the
principal compressive strain and the principal tensile strain decreases as the tensile stress
increases.

σ 2 / fc

Strain, in/in x 10-3
Fig.1.4: Experimental stress-strain curves for biaxial tension-compression (Kupfer et
al. 1969)
8

In biaxial tension in Fig. 1.5, the average value of the maximum principal tensile microstrain is about 0.08. From this figure it is clear that the nonlinear behavior of concrete is not
initiated yet.

σ 2 / fc

Strain, in/in x 10-3
Fig.1.5 Experimental stress-strain curves for biaxial tension (Kupfer et al.1969)
Figure 1.6 shows a typical uniaxial tension stress-elongation curve. In general the limit of
elasticity is observed to be about 60 to 80% of the ultimate tensile strength. Above this level,
the bond micro-cracks start to grow. As the uniaxial tension state of stress tends to arrest the
cracks much less frequently than the compressive stage of stress, one can expect the interval of
stable crack propagation to be quite short, and the unstable crack propagation to start very
soon. That is why deformational behavior of concrete in tension is quite brittle in nature. In
addition, the aggregate mortar interface has a significantly lower tensile strength than mortar.
This is the primary reason for the low tensile strength of concrete materials.
The volumetric strain plotted versus the stress in biaxial compression tests is shown in
Fig.1.7. Initially the stress decreases up to about 0.75 to 0.90 of the ultimate stresses. The
tendency is then reversed with increasing stress. As the failure point is approached, an increase
in volume occurs as the compressive stress continues to increase as shown in Fig.1.7.
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Fig.1.6 Uniaxial tensile stress-elongation curve (Peterson, 1981)
This inelastic volume increase, called dilatancy, is usually attributed to the progressive
growth of the major micro-cracks in concrete. It was shown by Shah and Chandra (1968) that
the cement paste itself does not expand under the compression load. The paste specimen
continues to consolidate up to failure. Volumetric expansion is observed only when the cement
paste is mixed up with aggregates; this indicates that the composite nature of concrete is
primarily responsible for the volume dilatation. It is noted that the stress at which volume
begins to increase is related to a noticeable increase in micro-cracks through the mortar, i.e., to
the beginning of an unstable crack propagation.

Fig.1.7 Typical stress-strain curve for concrete volume change under
biaxial compression (Kupfer et al. 1969)
10

Although this work concerns only plain concrete, from a research point of view, it is also
interesting to see the response of reinforced concrete under the load-displacement relation. The
characteristic stages of reinforced concrete behavior can be illustrated by typical loaddisplacement relationships, as shown in Fig.1.8. Similar diagrams can be obtained for the loaddeformation relations of any other reinforced concrete structure. This highly non-linear
relation can be roughly divided into three intervals: the uncracked elastic stage, crack
propagation, and plastic stage.

III
Yielding of steel
Crushing of concrete

II
I

Cracking
Elastic

Deflection
Fig.1.8 Typical load-displacement for a reinforced concrete element.
The initial modulus of elasticity of concrete is highly dependent on the compressive
strength as shown in Fig.1.9. The overall behavior of concrete under tension and compression
can be summarized as shown in Fig.1.10. The figure shows a typical uniaxial stress-strain
curve for plain concrete up to tensile and compressive failure. For tensile failure, the behavior
is essentially linearly elastic up to failure load, the maximum stresses coincide with the
maximum strains, and no plastic strains occur at the failure moment. For compressive failure,
the material initially exhibits almost linear behavior up to the proportional limit at point A,
after which the material is progressively weakened by internal micro-cracking up to the end of

11

the perfectly plastic flow region CD at point D. The nonlinear deformations are basically
plastic, since upon unloading only the portion ε e can be recovered from the total deformation

ε . It is clear that phenomenon in the region AD and in the region CD corresponds exactly to
the behavior of a work-hardening elasto-plastic and elastic perfectly plastic solid, respectively.
As can be seen from Fig. 1.10, the total strain ε in a plastic material can be considered as the
sum of the reversible elastic strain ε e and the permanent plastic strain ε p . A material is called
perfectly plastic or work-hardening according as it does or does not changes of permanent
strain under constant stress.

Fig.1.9: Complete compressive stress-strain curve (Wischers, 1978)
Nonlinearities in concrete behavior are well documented and arise from two distinct microstructural changes that take place in the material: one is the plastic flow; the other is the
development of micro-cracks and micro-voids. Plastic flow results in permanent deformation
and is the consequence of dislocation processes along preferred slip planes, which is controlled
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by the presence of local shear stresses.

Fig.1.10 Uniaxial stress-strain curve, pre and post-failure regime (Chen, 1982)
Since the number of bonds between atoms during the slip process is hardly altered, the
elastic compliances remain insensitive to this mode of micro-structural change. On the other
hand, micro-cracking destroys the bond between material grains, affects the elastic properties,
and may also result in permanent deformation. These two micro-structural changes must
account for the observed phenomenological behavior of concrete.
The experiments of Palaniswamy and Shah (1974) show that depending on lateral stress,
concrete under compressive loading with confining pressure exhibits a certain degree of
ductility before failure. These observations were interpreted by Yazdani and Schreyer (1990),
as shown in Fig. 1.11. As this figure shows, for tensile and low confining pressure regimes, the
plasticity surface is never reached, whereas the damage surface dominates and thus concrete
exhibits brittle behavior. In the second interval, the intermediate values of confining pressure
produce some ductility due to activity of reaching the plasticity surface, and for this reason, the
amount of ductility in this interval is limited. For large values of confining pressure, strain
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softening never occurs; instead, a large amount of ductility is predicted. This is because the
plasticity surface prevents the stress from reaching the damage surface (Yazdani, Schreyer,
1990).
The addition of the phenomena of localization and shear enhanced compaction is additional
complexity to the concrete behavior. The scatter of experimental data associated with machine
precision, testing techniques, and statistical variation of material properties from one sample to
Shear
Damage Surface
Plasticity Surface

Pressure
Fig.1.11: Representation of plasticity and damage surfaces
another is another factor enforcing the notion that primary goal of any constitutive model
should be set in the prediction of essential features of experimentally observed behavior, rather
than in replicating the entire history of stress-strain curves. Along this line, it should also be
emphasized that numerical implementation of a proposed constitutive model into a computer
code is almost as important an issue to consider as the model itself. A literature survey can
easily reveal models that are mathematically very elegant, but pose overwhelming
computational difficulties. It is thus important that a constitutive model, although rigorous in
theory, should also be suitable for use in computation and should lend itself well to an efficient
implementation in computer codes.
It should be noted that the idea of combined plasticity and damage mechanics theories
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through the description of plasticity surface and damage surface has been explored and used in
the past (Ortiz, 1985; Dragon and Mroz, 1979; Bazant and Kim, 1979). A continuum model
for rock and concrete was formulated where a second-order damage tensor was introduced and
defined as the dyadic product of the normal to the face of the crack and the vector of the
displacement discontinuity vector across the face of the crack. There are other models where
plasticity and damage are combined (Lubliner et al., 1989; Grassl and Jirasek, 2004 and etc).
Common theories used for the description of concrete are plasticity, continuous damage
mechanics, and fracture mechanics. Plasticity, or slip theories, has been used successfully in
modeling the behavior of metals where the dominant mode of internal rearrangement is the slip
process. Although the mathematical theory of plasticity is thoroughly established, its potential
usefulness for representing a wide variety of material behavior has not been fully explored
even yet. There were many researchers who have attempted to expand the application of
plasticity theories to concrete (Chen and Chen, 1975; William and Warnke, 1975; Bazant,
1978; Schreyer, 1983; Ortiz, 1985; Lubliner, 1989; Yazdani and Schreyer, 1990; Abu-Lebdeh
and Voyiadjis, 1993; Voyiadjis and Abu-Lebdeh 1994, Abu Al-Rub and Voyiadjis 2003 and
others) have attempted to expand the application of plasticity theories to concrete.
Nevertheless some of these works that done earlier were far superior to elastic approaches,
they fail to address the process of damage due to micro-cracking in the strained material.
Proponents of continuous damage mechanics argue against the use of plasticity theory as a
legitimate tool for the constitutive modeling of concrete because plasticity cannot describe the
damage that occurs.
On the other hand, continuous damage mechanics is concerned only with the description of
progressive weakening of solids due the development of micro-cracks and micro-voids. There
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are many models in the literature about damage (Krajcinovic, 1985a, 1985b; Ortiz and Popov
1982a, 1982b; Simo and Ju 1987a, 1987b; Ju et al. 1989; Resende 1987; Loland, 1980). There
are several facets of concrete behavior that cannot be represented by this method, just as
plasticity, by itself, is insufficient. Since both micro-cracking and plastic flow are present in
the nonlinear response of concrete, a constitutive model should address equally the two
physically distinct modes of irreversible changes and should satisfy the basic postulates of
mechanics and thermodynamics.
Damage through the continuous degradation of elastic moduli was presented by Ortiz
(1985) where concrete was considered to be a mixture. To represent the behavior of the
aggregate field Drucker-Prager formulation of plasticity was used and to represent the
behavior of mortar, continuous damage model was presented. Then the two fields were
brought together within the framework of interacting continua. These models relay on the
Drucker-Prager plasticity surface to predict the dilatancy aspect of the material response and
the account for the enhancement of strength and ductility due to increasing lateral pressure.
However, this conclusion was the contrary to the conclusion of the experiment that was
conducted by Tapponnier and Brace (1976) where it was concluded that dilatancy arises as a
consequence of micro-cracking, not plastic flow.
As far as fracture mechanics is concerned, there has been and still is an ongoing debate
regarding the applicability of fracture mechanics theory to the modeling of concrete. The
questions raised concern whether J integrals and stress intensity factors are material
parameters. This issue is far from settled, but there are some explanations (Krajcinovic and
Fanella, 1986) backed by some experimental evidence (Pak and Trapeznikov, 1981; Hoagland
et al. 1973) that indicate fracture mechanics is unsuitable for applications to concrete.
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Typical failure types of concrete are cracking in tension and crushing in compression. The
failure process is characterized by irreversible deformations and degradation of the stiffness of
the material, which leads in tension and low-confined compression to strain softening, i.e.
decreasing stress under increasing strain. In low-confined compression, softening is
accompanied with extensive inelastic volumetric expansion. In highly confined compression,
on the other hand, the stiffness degradation and the inelastic volume expansion are
significantly reduced (Grassl and Jirasek, 2004)
One group of constitutive models suitable for the description of these complex phenomena
is based on a combination of the flow theory of plasticity and damage mechanics. Plasticity
models alone (Lin et al., 1987; Voyiadjis and Abu-Lebdeh, 1994; Kang and William, 2000;
Grassl et al., 2002), are unable to capture the stiffness degradation observed in experiments.
Damage models, on the other hand, are not suitable to describe the irreversible deformations
and the inelastic volumetric expansion in compression (Mazars, 1984; Voyiadjis and AbuLebdeh, 1994).
Besides the theoretical work that has been done on concrete, there is also some
experimental work conducted in order to understand concrete behavior under different loading
conditions. As it is clear to have a good model for the behavior of materials one needs to
obtain good correlation with experimental results. Early attempts at constitutive modeling of
concrete were mainly based on the theoretical argument and with limited supporting
experimental evidence. A pertinent framework of approach was established through these
modeling efforts that succeeded in reproducing qualitatively the familiar features of the
concrete response (Chen 1982; Finite 1982). However, despite the large volume of theoretical
and experimental research that has been conducted since, the quantitative accuracy of most
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available models are limited in analyzing the complete behavior of concrete (Li and Ansari
1999). Many models predict successfully the behavior of concrete under certain loads, but the
number of parameters that affect the response of actual structures usually exceeds the
dimensions of the experimental database that supports the mathematical framework. The
experimental work that has been done on this topic used until recently for calibration of
constitutive models of concrete was conducted on concrete specimens of unconventional
composition [e.g., very small diameter aggregate or a high ratio of water to cement] (Richart
1928; Launay and Gachon 1972; Simith, 1989). Moreover, there is no testing path to describe
all aspects of the triaxial behavior of concrete. Many parameters are often overlooked in the
tests and not reported because of the misinterpretation by the investigators as to their
irrelevance in the scheme of the response (Imran, 2001).
Experiments are necessary to understand the overall behavior included in failure behavior
of concrete materials. The failure behavior of concrete is governed by complex degradation
processes within the matrix-aggregate composite. In direct tension, the brittle separation
process results in the formation of highly localized tensile cracks. The direct tension
experiments (Reinhardt, 1984; Gopalaratnam and Shah 1984) and the tension tests on
cylindrical specimens of different heights (Hurlbut 1985) indicate that the formation of
macroscopic discontinuities has to be attributed to a surface-dominated failure process in the
spirit of fracture mechanics. All direct tension results exhibit a well-defined and stable postpeak regime and a surprising amount of residual tensile strength due to teething with little
stiffness degradation before and after the peak. So, from this, it is clear that tensile cracking is
a fracture phenomenon in spite of the tortuous character of the crack surfaces in the matrixaggregate composite.
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At low confined compression, the gradual degradation process of strength is accompanied
by highly dilatants behavior in the lateral direction. The uniaxial compression experiments
(von Mier 1984) on prismatic specimens of different heights suggest that compressive failure
is also a surface-dominated fracture process which turns more and more distributed as the
lateral confinement increase. The experimental results of the comprehensive test series
(Hurbult 1985) exhibit the rapid increase of strength and ductility with little degradation of the
elastic stiffness during unloading.
Combinations of plasticity and damage are usually based on isotropic and anisotropic
plasticity combined with either isotropic or anisotropic damage. Anisotropic damage models
for brittle materials, such as concrete, are often complex and a combination with plasticity and
application to structural analysis is not straightforward (Carol et al., 2001; Hansen et al.,
2001). Isotropic damage, on the other hand, is widely used and different types of combinations
with plasticity models have been proposed in the literature. One type of combination relies on
stress-based plasticity formulated in the effective stress space (undamaged space) (Simo and
Ju, 1987; Lee and Fenves, 1998; and Jason et al., 2004). The type of combination is based on
plasticity formulated in the nominal stress space (damaged space) (Lubliner et al., 1989; Imran
and Pantazopoulu, 2001; Ananiev and Ozbolt, 2004).
Considering the arguments that mentioned above, for a realistic modeling of concrete
taking into account the plasticity and damage effect in concrete is necessary. Plasticity theories
initially are successfully used for metals (Abed and Voyiadjis, 2005; etc.) but fail to describe
to the softening behavior of concrete. On the other hand, damage mechanics provides an
average measure of strength degradation due to micro-cracking, however, this theory fails to
represent, by itself, several features of concrete behavior. Investigations show that in order to
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be able to capture the behavior of concrete up to failure under different load conditions, it is
necessary to combine the plasticity and damage theories. This study attempts to bring together
the theories of plasticity and damage mechanics. The proposed model includes important
aspects for concrete nonlinearity analysis. The model considers different response of concrete
under tension and compression, and also effect of stiffness degradation.
The plasticity and damage model is presented based on a thermodynamic formulation. The
Modified Drucker-Prager yield criterion is used with consideration of Lubliner Model
(Lubliner, 1989). The formulation is presented within the general format of the internal
variable theory of thermodynamics (Coleman and Mizel, 1964; Coleman and Gurtin, 1967;
Kestin and Rice, 1970; Lubliner, 1972, 1980; Ortiz and Popov, 1982a, 1982b; Truesdell and
Toupin 1960; Truesdell, 1984; Voyiadjis and Abu Al-Rub, 2004). Implementation of the finite
element is done using the software ABAQUS. This work can lead to the next step where
reinforced concrete (concrete with steel) can be also analyzed. It is clear that trying to
understand and analyze reinforced concrete behavior under different loading conditions would
complicate the problem and it would be a much more complex problem than just analyzing the
behavior of plain concrete. Therefore in this work, only plain concrete behavior is analyzed.

1.3 Objectives and Scope
The main objective of this study is to represent concrete behavior using plasticity and
damage models under compression and tension loadings. This can help designing concrete
structures for different purposes. Combination of plasticity and damage mechanics is necessary
for realistic representation of concrete behavior. In particular, the following objectives are
studied in this work:
Capturing plastic deformation of concrete under various loading conditions
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Defining damage mechanisms of concrete which are related to the micro-damage
mechanisms.
Nonlinearity caused by cracking in concrete tension and plasticity of compression
Stiffness degradation in concrete
Behavior of concrete under compression and tension
Strain softening behavior of concrete
Stress-Strain response of concrete under compression and tension
Beam behavior of three and four-point notched beam bending
Both plasticity and damage affect greatly the behavior of materials and structures, and yet
most of the design procedures and analyses neglect it imposing large safety factors to ensure
safety. A more advanced analysis allows more economic and safe design of materials and
structures.
Since plasticity and damage in concrete represent different behaviors, it is important to
combine both plasticity and damage. This work brings out together the plasticity and damage
models which would simulate a better behavior of concrete under compression and tension. A
Drucker-Prager type yield criterion is used. The damage variable is represented as a second
order tensor so that it can give a more accurate result. Comparison between this model and
experimental results are performed. This result could be extended for future research such as in
analyzing of reinforced concrete and impact damage of concrete.

1.4 Outline of the Dissertation
This dissertation contains 7 Chapters and Appendix. The behavior of concrete, plasticity
model, damage model, numerical implementation, and numerical results are presented in
Chapters 1 through 6, respectively. Introduction to the general concrete behavior and research
objectives are given in this Chapter.
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In Chapter 2, the general plasticity behavior of concrete, the plasticity concept for concrete
and the proposed plasticity model is presented. Key ingredients for a plasticity model of
concrete are discussed and presented. Failure models are also discussed thoroughly in this
chapter. In addition to the yield criterion with isotropic hardening is also presented.
The general description of damage behavior in concrete is presented in Chapter 3 with its
corresponding physical interpretation in terms of the isotropic damage, ϕ , and the anisotropic
damage-second order damage tensor, ϕij , are presented in Chapter 3. The stiffness degradation
is also discussed along with the corresponding derivations of the constitutive equations. In this
dissertation although the strain equivalence concept is used, however, also the strain energy
concept is presented. The stress tensor is decomposed into compression and tension and its
corresponding spectral decomposition is formulated.
In Chapter 4, the coupling of the plasticity and damage concepts are presented. These
individual concepts of plasticity and damage are outlined separately in Chapters 3 and 4,
respectively. This coupling is performed in order to obtain a better behavior of the concrete as
well as get more accurate simulation of the concrete behavior. Strain rate decomposition, and
the corresponding stress-strain relations are presented. Damage characterization, for uniaxial,
multiaxial and cyclic loadings are presented. Stiffness recovery during the transition from one
type of loading to another such as from tension to compression is also discussed. The
corresponding damage yield criterion is formulated and presented for both cases of tension and
compression. Finally, the thermodynamic formulations based on the second law of
thermodynamic and Helmholtz free energy are presented.
In Chapter 5 the numerical implementation of the model is presented. The elastic predictor,
damage Lagrangian multiplier, tensile damage consistency condition (TDCC) and compressive
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damage consistency condition (CDCC) are presented. Formulations are coded in the finite
element algorithm and implemented via a user subroutine UMAT into the advance finite
element program ABAQUS (2003).
Numerical results are shown in Chapter 6. All results are compared with the experimental
data. Examples for normal strength and high strength of concrete are presented. The proposed
plastic-damage model is used to predict and simulate the damage evolution in both the threepoint and four-point notched beam across the beam section. Results are shown in details and
for different time steps. Two different meshes are used and their results are compared.
Finally in Chapter 7, conclusions and recommendations regarding the proposed model are
presented. Future research areas and corresponding extensions that may be conducted using
this proposed model are also presented.
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Chapter 2 Plasticity in Concrete
2.1 Introduction
The plasticity of concrete has been investigated widely (Chen, 1982; Chen and
Buyukozturk, 1985; Faruque, 1987; Onate et al., 1988; Lubliner et al. 1989; Voyiadjis and
Abu-Lebdeh, 1994; Karabinis and Kiousis, 1994; Lee and Fenves, 1998; Imran and
Pantazopoulou, 2001; Ananiev and Ozbolt, 2004; Grassl and Jirasek, 2004 and others). The
main characteristics of these models include; pressure sensitivity; path sensitivity;
nonassociative flow rule; work or strain hardening; and limited tensile strength. Many of those
models have been developed to use in finite element codes. However, this degree of
complexity is not always necessary for the analysis of simple structural elements. This
basically means that for structures such as beams and trusses that are build to carry only the
slab, own weight, live load etc. one may not need to use a complex model. The incorporation
of plasticity to design of concrete structures, however, is rather slow due to the related
mathematical complexity. In the present study, a modified constitutive model of Lubliner et al.
(1989) is employed, and the details of it are presented in the section 2.3 of this Chapter and in
a more comprehensive way later in Chapter 4.
Initially, the plasticity theory was developed for metals. However, from a macroscopic
point of view, concrete shares some of its properties with metals, particularly in the pre-peak
regime such as the nonlinearity of the stress-strain curve and the significant irreversible strain
upon unloading. Therefore the plasticity theory can be used in the modeling of strainhardening behavior of concrete.
In the past years, the methods of analysis and design for concrete structures were mainly
based on elastic analysis combined with various classical procedures as well as on empirical
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formulas developed on the basis of large experimental data sets. Such approaches still present
convenience in design. However, the quick development of modern numerical analysis
techniques and high-speed digital computers with various processors have provided structural
engineers with a powerful tool for a complete nonlinear analysis of concrete structures. By
using the finite element method and performing incremental inelastic analysis, deformational
and failure characteristics of concrete structures can be assessed with some degree of accuracy.
For example, some complex behaviors of reinforced concrete, such as multiaxial nonlinear
stress-strain properties, cracking, aggregate interlocking, bond slip, and other effects
previously ignored or treated in a very approximate manner can now be modeled and studied
more rationally. In addition, as the quantitative information on the load-deformation behavior
of concrete develops and computing capability expands, the scope of nonlinear analysis can be
broadened (Chen, 1982) to include triaxially loaded concrete structures, such as nuclear power
reactors, floating vessels, offshore platforms, arch dams, etc., for which this type of analysis is
of particular value because large-scale experimental studies of these special types of structures
are often very expensive.
As it was mentioned previously, numerous plasticity constitutive models that describe the
behavior of concrete under various loading conditions have been developed. Most of these
models concentrate on the macroscopic mechanism of the concrete behavior. However, the
microscopic mechanism of concrete (damage mechanism) was neglected. As it was stated
earlier the inelastic deformations of concrete are induced by both micro-cracking and plasticity
slip.
The first attempt to apply the finite-element method to a reinforced concrete structure was
made by Ngo and Scordelis (1967). Following this, there were many works performed using
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the finite element tool as a means of numerically characterizing the behavior of more complex
concrete models. In recent years numerous yield and failure surfaces for concrete have been
proposed in order to analyze the nonlinearity of concrete behavior (Chen and Chen, 1975;
Ottosen, 1977; Murray, et al., 1977; Chen, 1982; Podgorski, 1985; Fardis and Chen, 1986;
Klisinski and Mroz, 1987; Dvorkin et al. 1987, Ohtani and Chen, 1988; Lubliner et al., 1989,
Voyiadjis and Abu-Lebdeh, 1994 and others).

The classical theory of plasticity can be

explained as translation of physical reality where it corresponds to ductile crystalline solids
such as metals without considering the dislocations. It is considered that this kind of features
of plasticity theory would give an approximate result for concrete and rock materials (Lubliner
et al., 1989).
Nonlinear behavior of concrete may be represented using a single constitutive model that
includes failure, in both tension and compression, with appropriate values of the parameters
(Lubliner et al., 1989). It is the aim of this work to present such form of a theory of plasticity.
It should be recalled that not all nonlinear behavior of concrete is represented by plastic
(permanent) deformation. Nonlinearity in concrete behavior may be caused as a result in the
stiffness degradation, and the model must also account for such a characteristic. The
mechanism of nonlinearity in concrete consists of both plastic slip and micro-cracking. Plastic
flow results in permanent deformation and occurs at high confining pressure. On the other
hand, micro-cracking affects the elastic properties of the material and may result in permanent
deformation. It prevails at low confining pressure and leads to strain softening. The damage
effect in concrete is studied in Chapters 3 and 4.
There is another type of plasticity -the so called “cyclic plasticity” where the material
behavior falls into plasticity range under cyclic loading conditions. For this kind of plasticity,
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the concept of “bounding surface” was developed (Dafalias, 1975; Dafailas and Popov, 1975;
Chen and Buyukozturk, 1983; Voyiadjis and Abu-Lebdeh, 1994, etc.). The failure surface
encloses all the loading surfaces and serves as a “bounding surface”, which is assumed to
remain unchanged during loading. The initial yield surface has a closed shape. During
hardening, the loading surface expands and changes its shape from the initial yield surface to
the final shape that matches with the failure surface (Chen, 1982). In cyclic plasticity, defining
the plastic moduli is important. A rate independent model for the concrete behavior under
multiaxial cyclic compression loading was presented by Chen and Buyukozturk (1985). It was
concluded that the bounding surface shrinks by the increasing of damage and accumulation of
damage. It simulates progressive stiffness degradation and captures the nonlinear stress-strain
response. In addition to this, the model also describes the strain softening behavior in the postfailure regime. The concept of the bounding surface is mainly to generalize the classical flow
theory for cyclic behavior of concrete.
As was stated previously, the irreversible deformations (plastic/permanent deformations) of
concrete are induced by micro-cracking and slip and they may be treated by the theory of
plasticity. Any plasticity model must involve three basic assumptions:
An initial yield surface – which defines the stress level at which plastic
deformation begins.
A hardening rule – which defines the change of loading surface as well as
the change of the hardening properties of the material
during the course of plastic flow.
A flow rule – which gives an incremental plastic stress-strain relation.
The model presented in this work includes all the above features and the results are
compared with available experimental data.
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2.2 Plasticity Concept in Concrete
Concrete and geomaterials eventually exhibit strain-softening, leading to a complete loss of
strength, under all stress processes except triaxial compression in which hydrostatic pressure
dominates over the stress deviator (Lubliner et al., 1989). Strain-softening occurs in both
simple tension and simple compression. Plastic flow results in permanent deformation and
occurs at high confining pressure. Hardening behavior of concrete is presented by Chen. The
model presented by Chen (1975) is one of the well-known and popular plasticity models.
Some of the plasticity-based models proposed in the past are those of Chen and Schnobrich,
1981; Hsieh, Ting and Chen, 1982; Fardis, Alibe and Tassoulas, 1983; Vermeer and De Borst,
1984; Han and Chen, 1985; Chen and Buyukozturk, 1985; Ortiz, 1985; Lubliner et al., 1989;
Abu-Lebdeh and Voyiadjis, 1993; Voyiadjis and Abu-Lebdeh, 1994; Lee and Fenves, 1998,
Grassl and Jirasek, 2004 and others.
Concrete behavior is generally assumed to be isotropic and a failure surface of concrete in
general form can be given as follow (Chen, 1982).
f ( I1 , J 2 , J 3 ) = 0

(2.1)

f (ξ , ρ , θ ) = 0

(2.2)

where I1 is the invariant of the stress tensor σ ij ; J 2 , J 3 are the second and third invariants of
the deviatoric stress tensor sij , respectively; ξ is the hydrostatic pressure; ρ is the tensile or
compressive meridian; θ is the angle for the corresponding the meridian, as shown in Fig. 2.1.
Alternatively, using octahedral stresses σ oct and τ oct in order to replace the stress invariants I1
and J 2 , Eqs.(2.1) and (2.2) the corresponding relations are obtained:

f (σ oct ,τ oct ,θ ) = 0
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(2.3)

The explicit form of the failure function is defined using experimental data. Strength tests of
plain concrete are well documented in the literature. In the case of biaxial stress case the
following researchers conducted experiment on conrete behavior: Kupfer, 1969; Buyukozturk
et al., 1971; Tasuji, et al., 1978; Buyukozturk and Tseng, 1984; Voyiadjis and Abu-Lebdeh,
1992; Belarbi and Hsu, 1995; Hussein and Marzouk, 2000; Subramaniam and Shah, 2002 and
others. For triaxial stress case the following researchers have investigated the concrete
behavior using experiments: Mills and Zimmerman, 1970; Launay and Gachon, 1970; Gerstle
et al., 1978; Imran and Pantazopoulou, 1996; Li and Ansari, 1999 and others. These
experimental data show the essential features of a failure surface (Fig. 2.1).

a)

b)
Fig. 2.1 Basic features of failure surface. a) meridians of the failure surface; b)
sections in deviatoric plane.
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Concrete can be considered as a hydrostatic-pressure-dependent material which has a
failure surface with curved meridians as shown in Fig. 2.1(a).This was also supported by
experimental works that were conducted by Newman, et al., (1971) and Ottosen, (1975). As
seen from Fig. 2.1, the meridians start from the positive hydrostatic axis, and continue in the
negative direction of the hydrostatic axis. Hydrostatic loading cannot cause failure in concrete
by itself (Chen, 1982). The shearing capacity of concrete shows the increase in the material as
the result of hydrostatic pressure. Chinn and Zimmerman (1965) had shown experimentally
that a failure curve along the compression meridian (CM) can reach up to I1 = −79 f c′ without
any tendency of the CM to reach the hydrostatic axis. From Fig. 2.1, it is clear that ρt / ρc
increase with increasing the hydrostatic pressure but remain less than unity. Its value is around
0.5 near the π -plane and gets closer to 0.8 with the hydrostatic pressure being ξ = −7 f c′ .
Based on the maximum principal tensile stress, straight meridians have constant value of

ρt / ρc . The shape of the trace in the deviatoric plane is a polygon.
Concrete can be assumed as an isotropic material as it was mentioned earlier and its failure
surface in the deviatoric planes has the 60D -symmetry as shown in Fig. 2.1b.The shape of the
traces changes from nearly triangular for tensile and low compressive stresses to a closed
circular shape for higher compressive stresses. The deviatoric sections are convex and θ dependent as shown in Fig. 2.1b.
Generally von Mises or Tresca failure surfaces are for ductile metals. The von Mises yield
criterion is pressure independent. These yield criteria are not suitable for concrete. In
associative plasticity and the plastic strain can be obtained by using the gradient of the
appropriate yield function. The von Mises yield criterion satisfies the requirements of a plastic
potential for metals as shown in Fig. 2.2. The von Mises or Tresca yield surfaces can be used

30

in determining the limited tensile capacity of concrete. However, this is provided that these
models are combined with tension cutoff surface. The Drucker-Prager and Mohr-Coulumb
yield surfaces may be used to model the concrete behavior (Chen, 1982).

Fig.2.2 Failure models.
The Drucker-Prager and Mohr-Coulumb yield surfaces consider that there is a linear
relationship between the octahedral shear τ oct and hydrostatic stress σ m or octahedral normal
stress σ oct . The Mohr-Coulumb yield surface is often used as the failure surface for concrete,
while the Drucker-Prager surface is widely used in soils. The Drucker-Prager yield surface is
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limited to a linear relationship between τ oct and σ oct and is independent of the angle of
similarity θ (Fig. 2.2(c)). It has been also proven experimentally that τ oct - σ oct is curved, and
not circular in the deviatoric plane. Thus the two-parameter models with straight lines as
meridians do not represent well the failure surface of concrete in the high compression range.
Bresler and Pister (1958) presented a three-parameter model which was basically a more
generalized form of the Drucker-Prager yield surface. It assumes that the meridians are
parabolic while the deviatoric sections are independent of θ as shown in Fig. 2.2(d). William
and Warnke (1974) proposed another version of the three-parameter model where the
relationship between τ oct - σ oct is linear but the shape of the surface in the deviatoric plane is

θ -dependent as shown in Fig. 2.2g. Ottosen (1977) and Hsieh et al. (1982) proposed the fourparameter model which has a parabolic τ oct - σ oct relation and θ -dependence as shown in
Figs.2.2 (f) and 2.2 (h). William and Warnke (1975) proposed an alternative model to their
first model that was mentioned above. It is a refined five-parameter model of θ -dependence.
All these refined models are shown in Figs. 2.2 (f), 2.2 (g), and 2.2 (h) reproduce all the
important features of the triaxial surface and give relatively good agreement with the
experimental data.
The definition of a plasticity model also requires corresponding evolution of the plasticity
yield surface. In this work it is assumed that the shape of the plasticity yield surface as defined
by the Drucker-Prager yield criterion and maintained throughout the load history. Some
researchers (e.g., Chen and Han, 1988) propose that under compression loading the yield
surface appropriately evolves from a surface that defines a closed elastic region at the initial
yield to a surface that characterizes unlimited strength under hydrostatic pressure at the
maximum strength. This study is uses a plasticity yield surface based on Lubliner et al. (1989).
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The simplification of this yield surface basically yields to well known Drucker-Prager yield
surface.
The plastic response of concrete (permanent deformation) shows few characteristics that the
classical theory of plasticity does not include. It was shown experimentally that there is a lack
in simulating the normality rule (Adenaes et al., 1977). On the other hand, the characteristic
descending branch of the uniaxial stress-strain diagram of concrete has been commonly
viewed as a violation of Drucker’s stability postulate. There have been many works by
numerous researchers to modify the classical theory of plasticity in order to make it more
suitable for concrete materials.
Another type of model for representing the concrete behavior includes the
phenomenological or continuum models. These include the plasticity models, which are often
effective in describing global failure but do not account for creep or other rate effects. Another
class of these models the viscoelasticity models, which often successfully describe rate effects
but are limited to narrow range for rates with a range for rates with a stress range well below
the compressive strength (Panoskaltsis and Lubliner, 1994).
As it was mentioned previously, any model based on classical plasticity theory should
include the following essential features: the yield criterion, the flow rule and the hardening
rule. The hardening rule can be accounted in terms of kinematic hardening or isotropic
hardening or both. Kinematic and isotropic hardening can be presented with the evolution
equations of the internal variables contained in the yield criterion. Basically the kinematic
hardening rule defines the motion of the subsequent yield surfaces under plastic loading as
shown in Figs. 2.3 and 2.4 Kinematic hardening as shown in Fig. 2.3 accounts for cyclic and
reverse types of loadings. It is mainly used for materials that display the Baushinger effect as
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shown in Fig. 2.5.
The isotropic hardening shown Fig. 2.4 accounts for monotonic proportional loadings.
From Fig. 2.4, it is clear that the yield surface increases in size but maintains the same shape as
a result of plastic straining. Combinations of isotropic and kinematic hardening are more
suitable for concrete materials. Bauschinger effect is mainly unequal increase of the yield
value (Fig. 2.5). Specifically if the specimen is first deformed in compression, and then loaded
in tension, it will generally start to deform plastically at a lower tensile stress than an annealed
specimen. This phenomenon is known as the `Bauschinger effect.’
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Fig. 2.3 Schematics view of yield surface of kinematic-hardening.
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Fig.2.4 Schematics view of yield surface of isotropic-hardening.
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Fig. 2.5 Bauschinger effect

2.3. Proposed Plasticity Model and Constitutive Equations
The Behavior of concrete can be considered as that of cohesive soils since the qualitative
behavior of concrete is not significantly different in tension and compression (Lubliner et al.,
1989). The above argument is also valid for rocks. Therefore concrete and rock materials can
be resembled as frictional materials with cohesion and the decrease in strength is considered to
vanish with the cohesion. The Mohr-Coulumb and Drucker-Prager yield criteria adress the
above argument and can be represented as follow:
f (σ ij ) = c

(2.4)

The Eq. (2.4) is known as the yield function where the material is elastic until it reaches the
yield limit, i.e., until a certain function of the stress components reach a certain value. The
following relation represents the criterion for loading:
df =

∂f
dσ ij = 0
∂σ ij

(2.5)

Eq. (2.5) indicates that the plastic deformation takes place without limit. To continue having
plastic flow, the state of stress should remain on the yield surface.
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The unloading criterion shown below may be also interpreted as the loading criterion where
the flow stain is permanent. Basically it says that the flow strain remains by removal the
stresses when the stress intensity drops the yield value.
df =

∂f
∂σ ij < 0
∂σ ij

(2.6)

In this work we decompose the total strain ε ij into an elastic strain ε ije and plastic strain

ε ijp such that:
ε ij = ε ije + ε ijp

(2.7)

The corresponding rate of the total strain is given as follows:

εij = εije + εijp

(2.8)

The yield criterion used in this work is based on Lubliner et al. (1989) such that:
f = 3J 2 + α I1 + β ( κ )H(σˆ max )σˆ max − (1 − α ) c ± (ε ± ep ) = 0

(2.9)

where α and β are dimensionless constants. H(σˆ max ) is Heaviside function.
The flow rule is given as the following:
∂F
εijp = λ
∂σ ij

p

(2.10)

The formulation and analyses of plasticity is shown in details in Chapter 4. In Chapter 4,
the plastic multiplier λ is obtained for both tension and compression cases. The parameters
and their relations in Eq. (2.9) are also shown in Chapter 4.
In the following chapter, the damage concept is introduced. First a scalar damage is
presented which is followed by a second order tensor damage variable is obtained. In Chapter
4, use is made of the information provided in Chapters 2 and 3 in order to predict the behavior
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of concrete in a more effective way by considering the combined effect of plasticity and
damage in the material.
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Chapter 3 Damage in Concrete
3.1 Introduction
Damage in concrete primarily is caused by the propagation and coalescence of microcracks. This phenomenon so called “damage” is often treated as strain softening in structural
analysis. The modeling of crack initiation and propagation is very important in the failure
analysis of concrete structures. One should notice that concrete contains numerous microcracks even before any loading is applied to it. These micro-cracks mainly occur at the
aggregate-cement interface as a result of shrinkage, and thermal expansion in the cement paste
or segregate.
To model this process mentioned above, various type of constitutive laws have been
presented including different approaches such as the endochronic theory (Bazant, 1986) the
plastic fracturing theory (Dougill, 1983; Dragon and Mroz, 1979) the total strain models
(Gerstle et al., 1980; Kotsovos 1980), plasticity with decreasing yield limit (Wastiels 1980),
microplane models (Bazant, et al., 1987; Pande and Sharma 1982). Other models such as
continuum damage theory for cyclic loading are formulated using the concept of the bounding
surface (Voyidjis and Abu-Lebdeh, 1993; Dafalias, 1986; Fardis et al., 1983 and others).
Continuum damage mechanics has been applied first to the metals and later was modified
for concrete materials. Continuum damage mechanics first was introduced by Kachanov
(1958) for creep-related problems and then it was applied to the description of progressive
failure, i.e. static failure of metals and composites (Dufailly, 1980; Ladeveze, 1986; Lemaitre
and Chaboche, 1978; Voyiadjis and Kattan, 1990). Continuum damage mechanics has been
also used to represent the material behavior under creep and fatigue (Leckie, 1978; Voyiadjis
and Zolochevsky, 1998). The use of continuum damage mechanics in concrete began in
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1980’s. A damage model was used to describe the strain-softening behavior of concrete
(Krajcinovic, 19831; Ladeveze, 1983; Lemaitre and Mazars, 1982; Mazars and Cabot, 1989;
Voyiadjis and Abu Al-Lebdeh, 1992 and others)
The relation between the microstructure and mechanical behavior of concrete is quite
complex because of the considerable heterogeneity of the distinct phases of the material. As it
was mentioned previously, concrete may be treated as a composite material and it may contain
porosity in matrix. The porosity in the matrix is not homogenous and a strong porosity
gradient is observed around the inclusions formed by the aggregates (Panoskaltsis and
Lubliner, 1994). This area in the matrix affected by the surface of the aggregate is known as
“transition zone”. Improving this transition zone can have an impact in the strength of the
concrete material. This improvement can be achieved through the use of pozzolanic microfiller
materials, such as silica fume which considerably reduces the porosity gradients. Nevertheless,
a model that represents the mechanical behavior of the transition zone efficiently is not yet
developed although most of the micro-cracks start developing and propagating in this
transition zone area. To represent this phenomenon, mostly fracture-mechanics and damage
mechanics models are used and some of these models give reasonable result. Fracture
mechanics is considered to be more practical in capturing the existing cracks, at the same time,
the damage mechanics enable us to capture the crack initiation, growth and coalescence of the
distributed micro-cracks. It should be noted that the growth of micro-cracks during loading
causes reduction in strength and deterioration in the mechanical properties of the concrete
material.
Concrete exhibits a significant strain-softening behavior beyond the ultimate stress. At or
near this stress level, a micro-crack starts to form. It is at this stage where fracture mechanics
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play an important role (Karihaloo and Fu, 1990), although it is not clear why the damage
mechanics theory could not be used to represent the material behavior in the strain-softening
region. As it is mentioned earlier, the damage theory in the concrete material can represent the
post-peak region of concrete (Mazars and Cabot, 1989; Krajcinovic, 19832; and others.). The
use of fracture mechanics in concrete materials was debated extensively (Mindess, 1983; Sih,
1984; Krajcinovic and Fanella, 1986). The debate of the use of fracture mechanics for concrete
materials was supported by some experimental evidence (Pak and Trapeznikov, 1981;
Hoagland, et al., 1973). The experimental work showed that more than a half of the total
energy is dissipated on micro-cracks and as a result of this it was concluded that this
dissipation makes the application of fracture mechanics in concrete materials very arguable. In
addition to this, assuming that the cracks are perfectly planar and parallel to the axis of
loading, the fracture mechanics theory claims that there is no energy release that is associated
with the crack propagation. This causes some restrictions in idealizing the cracks as planar. On
the other hand, continuum damage mechanics deals with the determination of macroscopic
variables and material properties (Krajcinovic, 1979; Dragon and Mroz, 1979; Krajcinovic and
Selveraj, 19833; among others).
The cracking process in concrete is distinguished from cracking in other materials, such as
glass, in that it is not a sudden onset of new free surfaces but a continuous forming and
connecting of micro-cracks (Mehta and Monteiro 1993). As it is mentioned above, the
formation of micro-cracks is represented macroscopically as a softening behavior of the
material which causes the localization and redistribution of strains in a structure. This
phenomenological behavior at the macroscopic level can be treated with the classical plasticity
theory (Pramano and William, 1989: Chen, 1994). On the other hand, the micro-cracking in a
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concrete material also causes stiffness degradation. This stiffness degradation, particularly, can
be observed when the concrete material is subjected to cyclic loading (Karsan and Jirsa 1969;
Sinha et al., 1964; Gopalaratnam and Shah 1985; Voyiadjis and Abu-Lebdeh, 1993).
Fig. 3.1 shows a typical uniaxial compressive stress-strain curve of concrete subjected to
cyclic loading. The unloading-reloading curves are not straight-line segments but loops of
changing size with decreasing average slopes. From Fig. 3.1, it is clear that the elastic modulus
of the material decreases. This can be explained as follows. Assume that the average slope is
the slope of a straight line connecting the turning points of one cycle and that the material
behavior upon unloading and reloading is linearly elastic, i.e. the dotted line. It is then clear
that with the increasing of straining, the elastic modulus or the slope degrades. It is also
assumed that this stiffness degradation in the concrete material is the result of some kind of
damage such as micro-voids and micro-cracks (Chen, 1982). This damage becomes
significantly clear in the post-peak range.
Modeling the stiffness degradation for a material is quite a challenging and difficult task to
represent it, especially using the classical plasticity theory. On the other hand, in continuum
damage mechanics the stiffness degradation can be modeled by the relationship between the
stresses, σ , and the effective (undamaged) stresses, σ . This relationship is presented in the
following section.
Comprehensive reviews on continuum damage mechanics are presented in the literature
(Kachanov, 1986; Lemaitre and Chaboche, 1990; Voyiadjis and Kattan, 1992 and 1999).
Several models for concrete that are based on continuum damage mechanics are given by
Krajcinovic, (19831); Ladeveze, (1983); Lemaitre and Mazars, (1982); Mazars and Cabot,
(1989), Mazars, (1986); Mazars and Cabot, (1989); Voyiadjis and Abu-Lebdeh, (1993);
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Cervera et al., (1995). It should be noted that for plastic strains, the continuum damage theory
cannot provide an appropriate dilatancy control, which is crucial for representing the behavior
of plain and reinforced concrete subjected to multiaxial loading (Lee and Fenves, 1998).

Fig. 3.1. Uniaxial compressive stress-strain relation under cyclic load
(Sinha et al. 1964)
There are several approaches how the stiffness degradation is included in a model. In the
plastic-damage model (Simo and Ju, 1987; Ju 1989; Lubliner et al., 1989) stiffness degradation
is embedded in a plasticity model. In the coupled elastoplastic-damage model (Simo and Ju,
1987; Ju, 1989), the effective stress concept using continuum damage mechanics is presented
to represent stiffness degradation. It has the advantage to decouple the stiffness degradation
from the plastic deformation by linearizing the evolution equations. Nevertheless, this model
lacks the ability to calibrate the material parameters like the other continuum damage models.
In these models the calibration of the material parameter determining the evolution of a yield
surface with experimental data is quite difficult since most available experimental data are
based on stress (Lee and Fenves, 1998). In the Voyiadjis and Abu-Lebdeh (1993) model for
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the monotonic and cyclic behavior of plasticity-type bounding surface, in which the functional
dependence of the material moduli on stress history and on the damage parameter enables
damage growth under cyclic loading and permits realistic modeling of the complex behavior of
concrete. Damage due to tension is assumed to grow independently from the compression
damage, and hence, separate compliance matrices are introduced for tension and compression.
The stress-strain curves predict the behavior of concrete under multiaxial monotonic and cyclic
loading adequately. However, these curves are stiffer than the experimental curves apparently
because of the stiffness degradation is not due to micro-cracking only, but also due to plastic
strain accumulation.
Macroscopic damage mechanisms have been presented using different techniques: X rays
(Slate and Oleski, 1963; Wang et al., 2003), microscopy (Dhir and Sangha, 1974) or acoustic
emissions (Terrien, 1980). Wang et al. (2003) presents methods to quantify the specific
damaged surface area, the specific damage surface areas tensor, the damage tensor, the mean
solid path among the damaged surfaces and the mean solid path tensor. The methods are
general and use the reconstructed three-dimensional (3D) structure from X-ray tomography
images and virtual sectioning techniques to obtain cross-sectional images needed for the
quantification. Those investigations aimed to bring a better understanding of the damage
process that occur in the material subjected to a load. It is accepted that damage appears after a
threshold and is mostly located in the cement matrix; secondly, it is considered that different
damage modes exist in connection with the stress state and history (Maso, 1982).
In acoustic emission, the formation and growth of micro-cracks are related to the release of
energy. This implies that when there is a formation of cracks some of the original strain energy
is dissipated in the form of heat and mechanical vibrations. One should recall, at it was
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mentioned earlier, this contradicts the fracture mechanics theory which states that there is no
energy release associated with crack propagation.
Two types of damage in concrete can be distinguished (Mazars and Cabot, 1989): a) It is
considered that the applied hydrostatic pressure on the material is a reason for the collapse of
the microstructure of the cement matrix. This kind of damage may lead to consolidation. b)
The propagation of micro-cracks is often located in the cement matrix. When the load allows
extensions, mode I cracking is predominant but cracks may also propagate in modes II or III
depending on the loading history. It is assumed that friction at the crack tips may also have an
effect on the ductility of the material.
In some models of concrete, a fracture-energy-based scalar damage variable is used to
represent the damage states (Lubliner et al., 1989). The plastic-damage model introduced by
Lubliner et al. (1989) shows the use of elastic and plastic degradation variables to represent the
elastic stiffness degradation. The degradation variables are coupled with the plastic
deformation in the constitutive formulations which provides help for calibrating the parameters
with the experimental results. The problem in this model is that the coupled relations are
complex and result in an unstable numerical algorithm. This kind of algorithm causes
unrealistic representation of the plastic behavior of the concrete during in the numerical
implementation during iteration (Lee and Fenves, 1994).
Quasi-brittle material under cyclic loading undergoes several damage states, such as tensile
cracking, compressive failure, and stiffness degradation. To account for all of these effects in a
concrete model, a single (scalar) damage variable is not sufficient enough. In order to account
for different responses of concrete under loading, multiple hardening or damage variables can
be used (Murray et al., 1979; Mazars, 1986; Ohtani and Chen, 1988 and others). It was shown
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that isotropic continuum damage mechanics models with multiple damage variables (Mazars,
1986; Mazars and Cabot, 1989) cannot represent the different effects of damage on the both
tensile and compressive strength of the material because the damage variables eventually
contribute to the same isotropic evolution in both strengths. Isotropic damage, on the other
hand, is widely used in different types of combinations with plasticity models.
Scalar damage models are often used in computational analyses in order to predict the
response and failure modes of concrete structures. However, in most cases, damage is not
isotropic and it has different orientations in the material. Nevertheless, it is still questionable
whether isotropic damage, i.e. scalar damage variable, or anisotropic, i.e., higher order of
damage variable, is sufficient in representing the concrete behavior under damage.
There are models that present thermodynamic theories of anisotropic damage mainly by the
use of tensor damage variables (Krajcinovic and Lemaitre, 1986; Krajcinovic and Fonseka,
1981; Krajcinovic, 19832; Krajcinovic and Selveraj, 1984; Ilankamban and Krajcinovic, 1987).
Chow and his co-workers (Chow and Wang, 1987; Chow and Wang, 1988; Chow and Lu,
1989; Lu and Chow; 1990) proposed an energy-based elastic-plastic damage model in order to
describe the difference in the observed failure modes of geological materials under
compression and tension, by use of a damage tensor identified by the fourth rank order and
fourth rank projection tensor. The coupling between elastic-plastic deformation and
anisotropic damage using second rank symmetric damage tensor is widely presented by several
authors (Simo and Ju, 1987; Ju, 1989; Kattan and Voyiadjis, 1990;Voyiadjis and Kattan, 1990;
Voyiadjis and Kattan, 1992).
Damage in materials is usually induced by nucleation, growth and coalescence of certain
microscopic cavities. Since the development of these cavities is governed by the action of
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applied stress and strain, material damage is essentially anisotropic (Murakami and Kamiya,
1997). This is important for brittle materials damaged by the development of distributed and
oriented microscopic cracks (Chaboche, 1988; Murakami, 1993). Therefore, a scalar damage
variable has limitation in describing the realistic behavior of concrete under damage
conditions. In the literature, some models have been using anisotropic damage with damage
variable ranging from scalar to higher rank order of tensors (Krajcinovic and Fonseka, 1981;
Sidoroff, 1981; Chaboche et al., 1994; Mazars and Cabot, 1989; Dragon and Mroz, 1979;
Berthaud et al., 1990; Valanis, 1991; Ortiz, 1985; Simo and Ju, 1987; Yazdani and
Schreyer,1990; Carol et al., 1994; Govindjee et al., 1995; Murakami and Ohno, 1981;
Murakami, 1988; Chaboche, 1988; Murakami, 1993; Kachanov, 1974; Onat and Leckie, 1988;
Vakulenko and Kachanov, 1971; Betten, 1983; Voyiadjis and Kattan, 1990; and others). There
is also a smeared crack model such as that proposed by Rots (1998) that can be also considered
as a damage model in which a fourth rank damage tensor is used.
The variety of these models is somewhat puzzling because a) the relation between each
model is difficult to establish (except maybe in the case of the isotropic damage) and b) the
comparison of damage-induced anisotropy with experimental data is difficult and therefore the
characterization of the damage-induced anisotropy of the material requires three-dimensional
experimental facilities.
In order to give a better understanding of the type of damage variable to be used, rational
methods for the derivation of the type of damage variable should be devised. Ladaveze (1993)
proposed an approach where the elastic stiffness of the material can be approximated. In the
proposed technique, two damage surfaces which characterize the unidirectional stiffness and
compressibility of the material under a load direction is given. The elastic moduli are derived
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using an approximation technique which is similar to a weighted residual method. The
definition of the damage surfaces should be considered with respect to the experimental
observations: without any other discriminating data, the simple knowledge of a uniaxial
response of the material, i.e. axial strain-axial stress, is not adequate to provide anything but
only a scalar damage model (Fischant et al., 1999). It was observed that for the same
experiment, the additional knowledge of the axial strain vs. transverse strain curve yields a
two-scalar isotropic damage model.
Even though it is purely phenomenological, the method by Ladeveze relates the local state
of damage in each direction to the overall mechanical response of the material. Another
interesting method is the microplane approach proposed for quasi-brittle materials (Bazant and
Ozbolt, 1990). The elastic or tangent stiffness of the material is obtained from the relationship
between the stress and strain vectors for any arbitrary microplane direction. The elastic
stiffness is obtained based on an energy-based equivalence.

Damage is defined at the

microplane level and the relation with the global elastic stiffness of the material is explained
by Carol et al. (1991, 1997). A fourth-order damage tensor is obtained in which damage
variables at the microplane level appear. Therefore, the local damage can be related to the
global degradation of the elastic properties of the material. Fischant et al. (1997) used the
combination of simple features of the microplane approach with the approximation of damage
surfaces in the same spirit as Ladeveze’s approach. A simplified microplane type model where
the behavior of the damaged material is discretized along a finite set of directions and the
interpolation of them was presented. The elastic behavior of the damaged material depends on
the interpolation used for the distribution of damage in each direction of the material.
Isotropic and anisotropic descriptions of damage in concrete structures are well elaborated
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in the work of Fischant et al. (1999). The scalar damage model is compared to another model
where damage-induced orthotropy is described with the plasticity-damage coupling. The work
by Fischant et al. (1999) showed that the scalar damage variable is adequate to represent the
concrete behavior due to uniaxial extension.

In addition damage-induced anisotropy is

important when failure is mainly due to multiaxial loading, such as shear-tension problems.
Nevertheless, it should be noted that anisotropic damage models for brittle materials, such as
concrete, are often complex and a combination with plasticity and application to structural
analysis is not straightforward (Carol et al., 2001; Hansen et al., 2001).
Having elaborated the isotropic and anisotropic damage model in concrete structures above,
it is clear that the isotropic damage model is more attractive to users due to simplicity of its
implementation in the damage model for concrete material. However in this work a second
order anisotropic damage tensor is used in order to account for more distinct types of damage
in the concrete behavior.

3.2. Damage Concept in Concrete
3.2.1 Physical Interpretation of Damage
Damage in materials can be represented in many forms such as specific void and crack
surfaces, specific crack and void volumes, the spacing between cracks or voids, scalar
representation of damage, and general tensorial representation of damage. Generally the
physical interpretation of the damage variable is introduced as the specific damaged surface
area, where two cases are considered: the isotropic damage distribution case and the
anisotropic damage distribution case of micro-cracks and micro-voids. However, for accurate
interpretation of damage in concrete, one should consider the anisotropic damage case. This is
attributed to the evolution of micro-cracks in concrete. However, damage in metals can be
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satisfactorily represented by a scalar damage variable (isotropic damage) for evolution of
voids. Therefore, for more reliable representation of concrete damage, anisotropic damage is
considered in this study.
Phenomenologically concrete damage can be characterized as reduction in the material
stiffness. As shown in Figs. 3.2 and 3.3, stiffness reduction in tensile loading is less then in
compressive loading and therefore, one anticipates more damage in tension than in
compression. The defining characteristic of material damage is reduced material stiffness.
Experimental data exhibit material damage for concrete subjected to tensile loading, and to a
lesser extent, compressive loading (see Figs. 3.2 and 3.3).
Thus, one should incorporate material damage into models characterizing the response of
plain concrete to both tensile and compressive loadings. Continuum damage mechanics
provides a method of modeling the microscopic material damage at the macroscopic level.
Development of a damage-based model requires the definition of a damage rule that
characterizes the rate at which material damage is accumulated. The identification of this
damage rule may also include the definition of a damage surface that defines an initial elastic
domain. Various proposed damage models differ in the definition of the damage surface and
the corresponding damage rules.
Some of the first constitutive relationships for damage characterization were proposed for
the isotropic damage case. One example is that proposed by Lemaitre (1986). This model
follows from the assumption that one defines an effective stress that is larger than the Cauchy
stress and accounts for the reduction in material area that results from micro-cracking.
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Normalized stress fnom= f / fc0

Normalized strain, εnom = ε / εc0

Axial stress (MPa)

Fig.3.2. Concrete response to monotonic and cyclic compression load (data
from Bahn and Hsu, 1998)

Axial deformation, µm
Fig.3.3 Stress-deformation history for concrete subjected to cyclic tensile
loading (data from Reinhardt, 1984)
Damage mechanics can be illustrated using the effective stress concept proposed first by
Kachanov (1958) damage concept as explained below: Consider a uniform bar subjected to a
uniaxial uniform tensile stress, σ , as shown in Fig. 3.4(a). The cross-sectional area of the bar
in the stressed configuration is A and it is assumed that both voids and cracks appear as
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damage in the bar. The uniaxial tensile force T , acting on the bar is expressed using the
relation T = σ A .

In order to use the principles of continuum damage mechanics, one

considers a fictitious undamaged configuration (effective configuration) of the bar as shown in
Fig. 3.4(b). In this configuration all types of damage, including voids and cracks, are removed
from the bar. The effective stressed cross-sectional area of the bar in this configuration is
denoted by A and the effective uniaxial stress is σ ij . The bars in both the damaged
configuration and the effective undamaged configuration are subjected to the same tensile
force T . Therefore, considering the effective undamaged configuration, one obtains the
relation T = σ A . Equating the two expressions of T obtained from both configurations, the
following expression is derived:

σ=

A
σ
A

(3.1)

Moreover, as it is seen from Fig. 3.4, the effective area A is obtained from A by removing the
surface intersections of the micro-cracks and cavities (Kattan and Voyiadjis, 2001) and
correcting for the micro-stress concentrations in the vicinity of discontinuities and for the
interactions between closed effects. Therefore, the damage parameter ϕ in case of uniaxial
loading can be defined as follow:

ϕ = 1−

A
A

(3.2)

In the above equation, in the case of no damage (effective state) in the material the
damage parameter is equal to zero (i.e. ϕ = 0 for A = A ). The critical damage ϕ = ϕcr
corresponds to the rupture of the element. Lemaitre (1984) showed that the damage parameter
value ranges between 0.2 and 0.8 ( 0.2 ≤ ϕ ≤ 0.8 ) for metals. The theoretical value of damage
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parameter, ϕ , for general case lies in the range 0 ≤ ϕ ≤ 1 .
T

T
Remove Both
Voids and Cracks

A

σ

φ

A

σ

T

T

Damaged
Configuration
(a)

Effective Undamaged
Configuration
(b)

Fig. 3.4. A cylindrical bar subjected to uniaxial tension: both voids and cracks are
removed (Voyiadjis and Kattan, 1999; Kattan and Voyiadjis, 2001)
The effective area A can be obtained through mathematical homogenization techniques
(Suquet, 1982; Kattan and Voyiadjis, 2001). Homogenization techniques can be used when the
shape and the size of the defects are known which is somewhat difficult to obtain even with
electron microscope.
Making use of Eqs. (3.1) and (3.2), one obtains the following expression for the effective
uniaxial stress σ (Kachanov, 1958; Rabotnov, 1968):

σ=

σ
1−ϕ

(3.3)

It should be noted that the undamaged (effective) stress σ can be considered as a fictitious
stress acting on an undamaged equivalent area A .

3.2.2 Constitutive Assumptions
For a three-dimensional state of stress, Eq. (3.3) can be generalized for isotropic damage as
follows:
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σ ij =

σ ij
1−ϕ

(3.4)

where σ ij and σ ij are the Cauchy stress tensors in the damaged and effective configurations,
respectively.
The total strain is given as the additive decomposition of an elastic part ε ije and a plastic ε ijp
part such that:

ε ij = ε ije + ε ijp

(3.5)

The constitutive relation can be then written using the Hooke’s law for linear elasticity such
that:

σ ij = Eijkl ε kle = Eijkl ( ε kl − ε klp )

(3.6)

where Eijkl is the fourth-order damaged elasticity tensor.
Similarly, the stress can be written for the effective state as follows:

σ ij = Eijkl ε kle

(3.7)

where Eijkl is the fourth-order undamaged elasticity tensor. For isotropic materials Eijkl is
given by:
1
⎛
⎞
E ijkl = Kδ ijδ kl + 2G ⎜ δ ik δ jl − δ ijδ kl ⎟
3
⎝
⎠

(3.8)

where K and G are the elastic bulk and shear moduli in the undamaged configuration,
respectively.
One can also assume similar to the decomposition in Eq. (3.5), the following decomposition
of the total effective strain ε ij such that:

ε ij = ε ije + ε ijp
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(3.9)

The transformation equations from the nominal configuration to the effective one can be
obtained using either the strain energy equivalence hypothesis or the strain equivalence
hypothesis (Voyiadjis and Kattan, 1990; Voyiadjis and Kattan, 1999). The strain equivalence
hypothesis (Lemaitre and Chaboche, 1990) states that the strain in the effective configuration
is equal to the strain in the nominal configuration such that in the constitutive equations one
can simply replace the nominal stress by the corresponding effective stress. Therefore, this
method basically states that: if one pulls a bar then the amount of the strain will remain the
same in both the effective and damage configurations such that:

ε ij = ε ij

(3.10)

One can also postulate that the elastic and plastic strains are equal to the corresponding
parts in the damaged and effective configurations such that:

ε ije = ε ije , ε ijp = ε ijp

(3.11)

Based on the above arguments one can rewrite the stress-strain relation in Eq. (3.6) as:

σ ij = Eijkl ε kle = Eijkl ( ε kl − ε klp )

(3.12)

Substituting Eqs. (3.4) and (3.6) into the above expression one obtains:

σ ij
Eijkl ε kle
= Eijkl ε kle ⇒
= Eijkl ε kle
1−ϕ
1−ϕ

(3.13)

Consequently one can then express Eijkl in terms of Eijkl as follows:
Eijkl = (1 − ϕ ) Eijkl

(3.14)

The strain energy equivalence hypothesis (Sidoroff, 1981) states that the elastic strain
energy density in damaged configuration is equal to the elastic strain energy density in the
effective (undamaged) configuration. The elastic strain energy density in the damaged
configuration U is expressed as follows:
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1
U = σ ij ε ije
2

(3.15)

The elastic strain energy density in the effective configuration can then be expressed as
follows:

1
U = σ ij ε ije
2

(3.16)

Equating Eqs. (3.15) and (3.16), one can then write the following expression:

σ ij ε ije = σ ij ε ije

(3.17)

Making use of Eq. (3.4) and substituting it into the above relation equation and simplifying it
one can obtain an expression that relates the elastic strain ε ije to the effective elastic strain ε ije
as follows:

ε ije = (1 − ϕ )ε ije

(3.18)

Moreover, in order to obtain a relation between the modulus of elasticity in the damaged state,
Eijkl , and the modulus of elasticity in the effective state, Eijkl , one can substitute Eqs. (3.4) and

(3.18) into Eq. (3.7) with making use of Eq. (3.6) such that:

σ ij
= Eijkl ε kle ⇒
1−ϕ

Eijkl ε kle

1−ϕ

= Eijkl (1 − ϕ )ε kle

Such that one obtains the following relation:
Eijkl = (1 − ϕ ) 2 Eijkl

(3.19)

Many researchers tend to adopt the traditional simple isotropic scalar damage variable,
“( ϕ )”, to model the material micro-damage mechanism, in which all components of the
material stiffness are degraded by the same scalar damage parameter, ϕ (Krajcinovic and
Foneska, 1981; Krajcinovic, 19832; Kachanov, 1986; Perzyna, 1986; Lemaitre and Chaboche,
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1990; Lemaitre, 1992; Naboulsi and Palazotto, 2000; etc). However, in order to ensure more
realistic application of the principles of the damage mechanics in the concrete behavior,
anisotropic damage should be assumed. In this case differen parameter t levels of damage are
related to the principal directions, and thus a simple scalar damage is no longer sufficient to
quantify damage in all directions. Instead, the anisotropic phenomenon of the micro-cracks
distribution in the material is interpreted using a symmetric second-order damage tensor, ϕij
(Murakami and Ohno, 1981; Murakami, 1983; Ortiz, 1985; Murakami, 1988; Voyiadjis and
Venson, 1995; Voyiadjis and Kattan, 1992a, 1992b, 1999; Voyiadjis and Abu-Lebdeh, 1993;
Voyiadjis and Park, 1997, 1999; Voyiadjis and Deliktas, 2000, 2001; Voyiadjis et al., 2003
and 2004; Abu Al-Rub and Voyiadjis, 2003). Fourth order damage tensor also is used in order
to represent the behavior of materials (Chaboche, 1993, et al., 1995).
The linear elastic constitutive equation for the damaged material is written according to the
principal of strain energy equivalence between the virgin material and damaged material
(Sidoroff, 1981). That is, the damaged material is modeled using the constitutive laws of the
effective undamaged material in which the Cauchy stress tensor σ ij is replaced by the
effective stress tensor, σ ij (Murakani and Ohno, 1981):

σ ij = M ijklσ kl

(3.20)

where M ijkl is the fourth-order damage effect tensor and is defined in Abu Al-Rub and
Voyiadjis (2003) as follows in order to symmetrize σ ij :
M ijkl = 2 ⎡⎣(δ ij − ϕij ) δ kl + δ ij (δ kl − ϕ kl ) ⎤⎦

−1

(3.21)

If one adopts the hypothesis of strain energy equivalence, the elastic-damage stiffness Eijkl
can be written in terms of the fourth-order damage effect tensor M ijkl , by substituting Eqs.
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(3.6), (3.12), and (3.20) into Eq. (3.17), as follows (Voyiadjis and Kattan, 1990 and 1999):
−1
−1
Eijkl = M ijmn
Emnpq M pqkl

(3.22)

1
⎡(δ ij − ϕij ) δ kl + δ ij (δ kl − ϕkl ) ⎤
⎦
2⎣

(3.23)

where
M ijkl −1 =

Using the strain equivalence concept, i.e., ε ij = ε ij , for the damaged and the effective states,
the strain is given as follow:

ε ije = Dijklσ kl

(3.24)

ε ije = Dijmnσ mn

(3.25)

−1
−1
and Dijkl = Eijkl
are the compliance tensors. Now, substituting Eqs. (3.4)
where Dijkl = Eijkl

,(3.24) and (3.25) into Eq. (3.10), one obtains:
−1
Dijklσ kl = Dijmnσ mn ⇒ Dijklσ kl = Dijmn M mnrsσ rsσ ab

(3.26)

Simplifying the above relation yields the following relation for the elastic-damaged
compliance tensor Dijkl in terms of the elastic-undamaged compliance tensor Dijkl and the
damage effect tensor M mnab :
Dijkl = Dijmn M mnab

(3.27)

Taking the inverse of both sides of the above equation gives the following relation for the
elastic-damage stiffness Eijab :
−1
Eijab = M abmn
Emnij

(3.28)

The basic assumptions that are used in formulating the coupled plasticity and damage
model in the subsequent chapters are outlined briefly.
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In this work, the damage variable is given separately for both tension and compression
loadings. In this dissertation the superscripts (+) and (–) designate, respectively, tensile and
compressive loadings. In order to achieve this, the stress is decomposed into a tensile part and
compressive part using the spectral decomposition technique that is outlined in Section 3.3
such that the σ ij and σ ij can be decomposed as follows:

σ ij = σ ij+ + σ ij−

(3.29)

σ ij = σ ij+ + σ ij−

(3.30)

Moreover, it is shown in Chapter 4 that the fourth-order damage effect tensor M ijkl can be
expressed in terms of a tensile damage variable ϕij+ and a compressive damage variable ϕij− .
Damage force function Yij is also decomposed for the cases of tension and compression, Yij+
and Yij− , respectively. The damage potential function is also decomposed into two damage
potential functions; a tension damage function g + and a compression damage function g − .
The damage potential is assumed to have the following form in this work:
g± =

1 ± ± ±
Yij LijklYij − K (ϕeq± ) ≤ 0
2

(3.31)

The damage potential can be either positive “+” or negative “–” depending whether the
material is under tension or compression, respectively. The parameter, K is the damage
isotropic hardening function, and Lijkl is a fourth-order symmetric tensor, which for simplicity
can be given as the identity tensor as follows:
I ijkl =

1
(δ ik δ jl + δ ilδ jk )
2

(3.32)

However, the above equation does not represent the material behavior accurately; therefore,
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Chow and Wang (1987) introduced the following expression for the tensor Lijkl which gives a
more realistic representation of the damage anisotropy such that:
Lijkl = ηδ ijδ kl + 12 (1 − µ )(δ ik δ jl + δ ilδ jk ) or Lijkl = ηδ ijδ kl + (1 − µ ) I ijkl

(3.33)

The damage force Yij , which can be interpreted as the energy release rate, characterizes the
damage evolution and can be given as follows:
±

−1
∂M ijpq
1
−1
±
Y = − σ ab± Eabij
σ pq
2
∂ϕrs±
±
rs

(3.34)

The above expression is obtained by assuming that the elastic energy density is the only
energy term that affects the damage evolution. The plastic energy could also contribute to Eq.
(3.34). However, for simplicity, Eq. (3.34) is adopted in this work.
The damage variable ϕeq± designates the damage accumulation and is defined by:

ϕeq± = ϕij±ϕij±

(3.35)

Finally, the strain equivalence hypothesis presented earlier in this chapter is adopted in the
subsequence of this work due to its attractiveness in the finite element implementation. The
constitutive equations that are developed in the following chapters can be simply reformulated
using the strain energy equivalence. However, this would make the computations more
difficult and in addition it is quite cumbersome to obtain convergence in the iterative
procedure for the solution.

3.3 Spectral Decomposition of the Stress into Tension and Compression
Parts
The total effective stress σ ij can be written in terms of principal values and directions as
follows:
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3

σ ij = ∑ σˆ ( k ) ni( k ) n(jk )

(3.36)

k =1

= σˆ n n + σˆ n n
(1)

(1)
i

(1)
j

(2)

(2)
i

(2)
j

+ σˆ n n
(3)

(3)
i

(3)
j

The positive part can be obtained by considering only the tensile principal values as
follows:
3

σ + = ∑ σˆ ( k ) ni( k ) n(jk )
ij

where

(3.37)

k =1

is the Macauley bracket, and is presented as x =

1
( x + x) , k=1, 2, 3
2

Eq. (3.37) can be rewritten as follows:
3

σ + = ∑ H (σˆ ( k ) )σˆ ( k ) ni( k ) n(jk )
ij

(3.38)

k =1

⎧⎪= 1 for positive σˆ ( k ) ⎫⎪
where H is the Heaviside function, i.e., H ⇒ ⎨
⎬
(k )
⎩⎪= 0 for negative σˆ ⎭⎪
Principal stresses σˆ ( k ) in Eq. (3.38) are defined in the following form:

σˆ ( k ) = n(pk )σ pq nq( k )

(3.39)

By substituting Eq. (3.39) into Eq. (3.38), the tensile stress can be written as:
3

σ + = ∑ H (σˆ ( k ) )n(pk )σ pq nq( k ) ni( k ) n(jk )
ij

(3.40)

k =1

The above equation can be rewritten as follows:
+
σ ij+ = Pijpq
σ pq

(3.41)

where
3

Pijpg+ = ∑ H (σˆ ( k ) )ni( k ) n(jk ) n(pk ) nq( k )
k =1

Using Eq. (3.30), we have:
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(3.42)

σ ij = σ ij+ + σ ij−
and substituting Eq. (3.41) into Eq. (3.30) , the following expression is obtained:
+
σ ij = Pijpq
σ pq + σ ij−

(3.43)

and
+
σ ij− = σ ij − Pijpq
σ pq
+
⎤⎦ σ pq
= ⎡⎣ I ijpq − Pijpq

(3.44)

since
+
−
I ijpq = Pijpq
+ Pijpq

(3.45)

Eq. (3.44) can be finally expressed as follows:
−
σ ij− = Pijpq
σ pq

(3.46)

One should notice that σ ij+ is obtained by picking the positive eigen values in the positive
principal stresses and σ ij− is obtained by picking the negative eigen values in the negative
principal stresses. The procedure is shown in Appendix.
In this Chapter, finally, damage constitutive equations are introduced. Derivations are
obtained using the strain equivalent hypothesis. The spectral decomposition of the stress is
also shown. A second order tensor for the damage variable is also obtained.
In the next Chapter, combined plastic-damage model is presented using plasticity concept
from Chapter 2 and damage concept from this chapter.
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Chapter 4 Plastic- Damage Model For Concrete
4.1 Introduction
As mentioned in Chapter 2, the non-linear material behavior of concrete can be attributed to
two distinct material mechanical processes: plasticity and damage (micro cracks, decohosion,
and cleavage in regions of high stress concentration). Therefore it is important to consider both
damage and plasticity in concrete materials for a more realistic modeling of the behavior of
concrete. Hence, in this work both plasticity and damage are coupled together. This is
accomplished by adopting two loading surfaces and two potential functions, one for plasticity
and second for damage.

4.2 Strain Rate Decomposition
The transformation from the effective (undamaged) configuration to the damaged one can
be done by utilizing either the strain equivalence or strain energy equivalence hypotheses.
However, in this work the strain equivalence hypothesis is adopted, which basically states that
the strains in the damaged configuration and the strains in undamaged (effective) configuration
are equal. Therefore, the total strain ε ij (= ε ij ) can be decomposed into an elastic strain ε ije
(= ε ije ) and a plastic strain ε ijp (= ε ijp ) such that:

ε ij = ε ije + ε ijp = ε ije + ε ijp = ε ij

(4.1)

Since the strain equivalence hypothesis is used in the remaining part of this dissertation, the
superimposed dash is eliminated in the kinematic aspects of this work (e.g. strain). The
effective stress is given as follows:

σ ij = Eijkl ε kle
where Eijkl is the fourth-order undamaged elastic tensor also known as the undamaged
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(4.2)

stiffness tensor. For isotropic materials, Eijkl is given by:
d
Eijkl = 2GI ijkl
+ KI ijkl

where

d
I ijkl
= I ijkl − 13 δ ijδ kl

(4.3)

is the deviatoric part of the fourth-order identity tensor

I ijkl = 12 (δ ik δ jl + δ ilδ jk ) , and G and K are the effective shear and bulk moduli, respectively.

The tensor δ ij is the Kronecker delta, and is equal to one, δ ij = 1 when i = j or zero, δ ij = 0

when i ≠ j .
Moreover, in the damaged configuration the stress-strain relationship in Eq. (4.2) can be
written as follows:

σ ij = Eijkl ε kle

(4.4)

such that one can express the elastic strain by the following relation:
−1
−1
ε ije = Eijkl
σ kl = Eijkl
σ kl

(4.5)

-1
where Eijkl
is the inverse (or compliance tensor) of the fourth-order damaged elastic tensor

Eijkl which is a function of the crack density.

Combining Eqs. (4.1) and (4.5), the total strain ε ij can be written in the following form:
−1
−1
ε ij = Eijkl
σ kl + ε ijp = Eijkl
σ kl + ε ijp

(4.6)

The time derivative of Eq. (4.6), the total strain rate εij can be written as:

εij = εije + εijp

(4.7)

where εije is the elastic strain rate and εijp is the plastic strain rate.
Analogous to Eq. (4.6) one can write the following relation in the effective configuration:
−1 
εij = Eijkl
σ kl + εijp
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(4.8)

However, since Eijkl is a function the cracks density, the same relation as Eq. (4.8) can not be
used. Therefore, by taking the time derivative of Eq. (4.6), one can write the rate of the total
strain rate, εij , in the damaged configuration as follows:
−1
−1
εij = Eijkl
σ kl + E ijkl
σ kl + εijp

(4.9)

It is shown in the subsequent development of plasticity-damage model how to relate Eijkl to
Eijkl in terms of the crack density.

4.3 Stress-Strain Relations
The stress-strain behavior is affected by the development of micro and macrocracks in the
material body. Particularly, concrete contains a large number of micro cracks, especially at
interfaces between coarse aggregates and mortar, even before the application of external loads.
These initial micro cracks are caused by segregation, shrinkage, or thermal expansion in the
cement paste. Under applied loading, further micro-cracking may occur at the aggregatecement paste interface, which is the weakest link in the composite system. The progressions of
these cracks, which are initially quite small (invisible), will eventually become visible cracks
with the application of external loads. These cracks contribute to the generally obtained
nonlinear stress-strain behavior. Since a phenomenological continuum approach is followed in
this work, these effects are smeared out (i.e. averaged) through the body. Therefore, for
simplicity these effects are not considered in the definition of the damage variable.
In this work, the stress-strain relations are presented by a second-order damage variable ϕij
as outlined in Chapter 3. First, the stress-strain relation is obtained for a scalar damage variable
then it is extended to the second order tensorial damage variable.
As shown in Chapter 3, the Cauchy stress tensor σ ij is related to the effective stress tensor σ ij
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by:

σ ij = (1 − ϕ )σ ij

(4.10)

where σ ij is the stress acting on the damaged area and ϕ is a scalar (i.e. isotropic) damage
variable interpreted here as the crack density.
By substituting Eq. (4.2) into Eq. (4.10) one obtains the following relation:

σ ij = (1 − ϕ ) Eijkl ε kle = Eijkl ε kle

(4.11)

Eijkl = (1 − ϕ ) Eijkl

(4.12)

where Eijkl is given by:

The damage variable, ϕ , has values from zero to one. The value ϕ = 0 corresponds to the
undamaged (effective) material and the value ϕ = 1 corresponds to the fully damaged material.
Damage associated with the failure mechanisms of the concrete (cracking and crushing)
therefore results in a reduction in the elastic stiffness. Within the context of the scalar-damage
theory, the stiffness degradation is isotropic (i.e. the same damage evolution in different
directions) and it is represented by a single degradation value ϕ . A Higher-order, i.e. secondorder tensor ϕij corresponds to anisotropic damage. This implies that there is a different
evolution of damage in different directions. In this work a second order damage tensor ϕij is
used.
Making use of Eqs.(4.1) and (4.11), one obtains the following expression:

σ ij = (1 − ϕ ) Eijkl (ε kl − ε klp )

(4.13)

From Chapter 3, it was shown that the factor (1 − ϕ ) for any cross-section of the material
corresponds to the ratio of the effective load-carrying area (i.e. overall area minus damaged
area) to the overall section area. From Eq. (4.1) it is clear that when the material is in the virgin
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state (undamaged), ϕ = 0 , the effective stress σ ij is equivalent to the Cauchy stress, σ ij . In the
case of the damaged material, the effective stress is more representative than the Cauchy stress
because it acts on the effective area that is resisting the external loads. Furthermore, the scalar
damage variable ϕ is still used in order to represent the material behavior for microdamage
mechanism. In the scalar damage variable, the components of the material stiffness are
degraded by the same scalar parameter, ϕ .
It has been argued (e.g. Lemaitre, 1984) that the assumption of isotropic damage is
sufficient to give good predictions of the carrying capacity, the number of cycles, or the time
to local fracture failure in metallic structural components. However the development of
anisotropic damage has been confirmed experimentally (Hayhurst, 1972; Lee et al., 1985;
Chow and Wang, 1987 and others) even if the material is elastic isotropic. Particularly in
concrete structures, it is more realistic to employ anisotropic damage evolution than isotropic
damage evolution. In the following a second-order damage tensor is used in order to represent
a more realistic behavior of the material which conforms to the experimental data. Moreover,
in order to account for different levels of damage that are related to the principal directions, the
use of anisotropic damage mechanics becomes a necessity. The scalar damage variable by
itself is insufficient in capturing the anisotropy of damage in all directions. Therefore,
anisotropic damage cannot be simply ignored in characterizing the concrete behavior.

4.4 Damage Characterization under Monotonic and Cyclic Loading
In this section, the concrete damage-plasticity model of Lubliner et al. (1989) which was
later modified by Lee and Fenves (1998) is recalled for both monotonic and cyclic loadings.
The phenomenological concrete model of Lubliner et al. (1989) and Lee and Fenves (1998) is
formulated based on isotropic (scalar) stiffness degradation. Moreover, this model adopts one
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loading surface that couples plasticity to isotropic damage through the effective plastic strain.
However, Lee and Fenves (1998) model is extended in this work for anisotropic damage and
by adopting three loading surfaces: one for plasticity, one for tensile damage, and one for
compressive damage. The plasticity and the compressive damage loading surfaces are more
dominate in case of shear loading and compressive crushing (i.e. mode II and III cracking).
Whereas the tensile damage loading surface is dominant in case of mode I cracking.
It should be noted that both of the present model and Lee and Fenves (1998) model agree to
some extent in case of monotonic and uniaxial cyclic loading. Therefore, the presentation in
the following sections can be used for either isotropic and anisotropic damage since the
second-order damage tensor ϕij degenerates to the scalar damage variable in case of uniaxial
loading.
It can be noted from Fig. 4.1 that during unloading from any point on the strain softening
path (i.e. post peak behavior) of the stress-strain curve, the material response seems to be
weakened since the elastic stiffness Eijkl of the material is degraded due to damage evolution.
Furthermore, it can be noticed from Figs. 4.1(a) and (b) that the degradation of the elastic
stiffness of the material is much different in tension than in compression. This is clearer as the
plastic strain increases. For the case of uniaxial loading (for 1-D problem), the damage
variable can be presented by two independent damage variables. This was shown earlier in
terms of tension and compression ϕij+ and ϕij− , respectively. Due to the strong coupling
between damage and plasticity, Lee and Fenves (1998) have assumed that both ϕij+ and ϕij− are
increasing functions of the equivalent plastic strains. The evolution equations are first
presented for uniaxial loading then extended to multiaxial loading.
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4.4.1. Uniaxial Loading
In the uniaxial loading, Lee and Fenves (1998) assumed that the elastic stiffness
degradation variables are increasing functions of the equivalent plastic strains ε + ep and ε − ep
with ε + ep being the tensile equivalent plastic strain and ε − ep being the compressive equivalent
plastic strain. It should be noted that the material behavior is controlled by both plasticity and
damage so that, one can not be considered without the other.
For uniaxial tensile loading and compression loading, Eq. (4.11) along Eq. (4.1) can be
presented in terms of ϕ + and ϕ − , respectively, as follows:

σ + = (1 − ϕ + ) Eε + e = (1 − ϕ + ) E (ε + − ε + p )

(4.14)

σ − = (1 − ϕ − ) Eε − e = (1 − ϕ − ) E (ε − − ε − p )

(4.15)

The rate of the equivalent (effective) plastic strains in compression and tension, ε − ep and

ε + ep , are, respectively, given as follows in case of uniaxial loading:
ε + ep = ε11p

(4.16)

ε − ep = −ε11p

(4.17)

such that
t

ε − ep = ∫ ε − ep dt
0

t

ε + ep = ∫ ε + ep dt
0

(4.18)

(4.19)

Propagation of cracks under uniaxial loading is in the transverse direction to the stress
direction. Therefore, the nucleation and propagation of cracks cause a reduction of the capacity
of the load-carrying area. This causes an increase in the effective (undamaged) stress. This has
little effect in compressive loading since cracks run parallel to the loading direction (Lee and
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Fenves, 1998). However, under a large compressive stress which causes crushing of the
material, the effective load-carrying area is also considerably reduced. This explains the
distinct behavior of concrete in tension and compression as is shown in Fig. 4.1.

σ+

f 0+ = fu+

E

(1 − ϕ + ) E

(a)

ε

ε+

ε +e

+p

σ−

f u−
f o−

E
(1 − ϕ − ) E

(b)

ε −p

ε−

ε −e

Fig. 4.1. Concrete behavior under uniaxial loading, a) in tension, b) in compression
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Moreover, it can be noted that for tensile loading, damage and plasticity are initiated when
the equivalent applied stress reaches the uniaxial tensile strength f o+ as shown in Fig. 4.1 (a).
However, under compressive loading, damage is initiated earlier than plasticity. Once the
equivalent applied stress reaches f o− (i.e. when nonlinear behavior starts) damage is initiated,
whereas plasticity occurs once

fu− is reached. Therefore, generally f o+ = fu+ for tensile

loading, but this is not true for compressive loading (i.e. f o− ≠ f u− ). However, one may obtain

f o− ≈ fu− in case of ultra high strength concrete.

4.4.2 Stiffness Recovery during Loading Reversal
It is more difficult to address the concrete damage behavior under cyclic loading; i.e.
transition from tension to compression or vise versa, where one would expect that under cyclic
loading, crack opening and closure may occur and, therefore, it is a challenging work to
address such situations. Experimentally, it is shown that under cyclic loading the material goes
through some recovery of the elastic stiffness as the load changes sign during the loading
process. In this work the formulation of Lee and Fenves (1998), which is modified in
ABAQUS (2003), is adopted here to characterize the behavior of the concrete under load
reversal.
Numerous experiments have been conducted on concrete under both tension and
compression which showed that as cyclic loading (or loading/unloading) proceeded, there was
a continuous degradation of the elastic moduli, which is indicated by the progressive decrease
of the slopes of the reloading curves as is shown in Figs. 3.2 and 3.3, respectively, for tension
and compression loadings (e.g. Buyukozturk and Tseng, 1984; Reinhardt, 1984; Bahn and
Hsu, 1998). However, its effect becomes more obvious particularly when the load changes
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sign during the transition from tension to compression. This causes some tensile cracks to
close and as a result of this elastic stiffness recovery occurs for the compression case.
However, in case of transition from compression to tension one may expect that smaller
stiffness recovery or even no recovery at all may occur. This behavior has been shown in the
experiments of Reinhardt (1984). This could be attributed to the fast opening of the preexisting cracks that had formed during the previous tensile loading. These re-opened cracks
along with the new cracks formed during the compressive loading will cause further reduction
of the elastic stiffness that the body had during the first transition for tension to compression.
The consideration of stiffness recovery effect due to crack opening/closing is important in
defining the concrete behavior under cyclic loading.
Lee and Fenves (1998) defined the following isotropic damage parameter that couples both
tension and compression effects as well as the elastic stiffness recovery during transition from
tension to compression loading such that:

ϕ = 1 − (1 − sϕ + )(1 − ϕ − )

(4.20)

where s ( 0 ≤ s ≤ 1 ) is a function of stress state to account for stiffness recovery associated
with stress reversal from tension to compression such that s is given as:

s (σˆ ij ) = s0 + (1 − s0 )r (σˆ ij )

(4.21)

where s0 is a constant to set the minimum value of s . It has a range of 0 ≤ s0 ≤ 1 . Any value
between zero and one results in partial recovery of the elastic stiffness. The procedure that can
be used to find the principle stresses σˆ ij is presented in the Appendix. The dimensionless
parameter r (σˆ ij ) is a weight factor depending on principal stresses and is defined as the
following (Lubliner et al., 1989):
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3

r (σ ij ) =

∑ σˆ
k =1
3

∑ σˆ
k =1

where

k

(4.22)
k

is Macauley bracket, and presented as x = 12 ( x + x) , k=1, 2, 3. Note that

r (σˆ ij ) = r (σˆ ij ) . Moreover, depending on the value of r (σˆ ij ) ,
- in case of uniaxial tension σˆ k ≥ 0 and r (σˆ ij ) = 1 ,
- in case of uniaxial compression σˆ k ≤ 0 and r (σˆ ij ) = 0
Basically, based on Eqs. (4.21) and (4.22):
(a) when all principal stresses are positive then r = 1 and s = 1 such that Eq. (4.20) becomes:

ϕ = 1 − (1 − ϕ + )(1 − ϕ − )

(4.23)

(b) when all principal stresses are negative then r = 0 and s0 = 1 such that Eq. (4.20) becomes:

ϕ = 1 − (1 − s0ϕ + )(1 − ϕ − )

(4.24)

Therefore, case (a) implies no stiffness recovery during the transition from compression to
tension since s is absent in Eq. (4.23). Whereas for case (b) one may have full elastic stiffness
recovery when s0 = 0 and no recovery when s0 = 1 . Fig. 4.2 shows the load changes from
tension case to compression case. Note that s0 can not be calibrated from simple uniaxial
tension and compression test and should be calibrated from cyclic tests as the ones presented
by Reinhardt (1984).
It is noteworthy that ABAQUS (2003) assumes that the elastic stiffness recovery
represented by Eq. (4.20) could also occur during the transition from compression to tension.
This behavior was not confirmed by cyclic tests. An additional parameter multiplied to ϕ − is
presented in ABAQUS (2003) as follows:
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ϕ = 1 − (1 − s −ϕ + )(1 − s +ϕ − )

(4.25)

where again s − and s + are functions of the stress state which account for stiffness recovery
effects associated with stress reversals from tension to compression or from compression to
tension, respectively. Their value range is 0 ≤ s + ≤ 1 and 0 ≤ s − ≤ 1 and the following relations
are given in ABAQUS (2003):
s + = 1 − so+ r (σˆ ij ) with 0 ≤ so+ ≤ 1

(4.26)

s − = 1 − so− (1 − r (σˆ ij ) ) with 0 ≤ so− ≤ 1

(4.27)

s0+ and s0− are weight factors and assumed to be material properties which control the recovery

of the tensile and compressive stiffness upon reversal loading. Note that if one sets s + = 0 in
Eq. (4.25), the Eq. (4.20) is recovered with s = s − .
The following can be inferred from Eqs. (4.25)-(4.27):
- In case of uniaxial transition from tension to compression then r = 0 , s + = 1 , and s − = 1 − s0−
such that one retrieves the Lee and Fenves (1998) definition, Eq. (4.20).
- In case of uniaxial transition from compression to tension then r = 1 , s + = 1 − s0+ , and s − = 1
such that Eq. (4.25) becomes:

ϕ = 1 − (1 − ϕ + )(1 − s +ϕ − )

(4.28)

It is worth to mention that in case of pure uniaxial tension, ϕ − = 0 , Eqs. (4.20) and (4.25)
reduces to ϕ = ϕ + . Moreover, in case of pure uniaxial compression, ϕ + = 0 , Eqs. (4.20) and
(4.25) reduces to ϕ = ϕ − .
In case of uniaxial loading, the evolution equations of the tensile equivalent plastic strain,

ε + ep , and compressive equivalent plastic strain, ε − ep , can be defined as follows (Lubliner et
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al., 1989):

ε +ep = r (σˆ )ε11p

(4.29)

ε − ep = −(1 − r (σˆ ))ε11p

(4.30)

Under tensile and compressive loadings, Eqs. (4.29) and (4.30) reduce to the Eqs. (4.16) and
(4.17), respectively.

σ+
f 0+

E0

(1 − ϕ + ) E0

ε+

so = 0
s0 = 1

Fig.4.2. The effect of the compression stiffness recovery parameter so during load
reversal.

4.4.3. Multiaxial Loadings
The evolution equations for the hardening variables are extended now to multiaxial
loadings. The effective plastic strain in Eqs. (4.29) and (4.30) can be generalized for multiaxial
loading as follows, respectively:
p
ε + ep = r (σˆ ij )εˆmax

(4.31)

p
ε − ep = −(1 − r (σˆ ij ))εˆmin

(4.32)
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p
p
and εˆmin
are the maximum and minimum eigenvalues of the plastic strain tensor
where εˆmax
p
p
εijp such that εˆ1p > εˆ2p > εˆ3p where εˆmax
= εˆ1p and εˆmin
= εˆ3p . The procedure for obtaining the

eigenvalues of a second-order tensor (e.g. stress or strain) is given in the Appendix. Under
p
p
= ε11p in tension and εˆmin
= ε11p in compression, Eqs. (4.31)
uniaxial loading, considering εˆmax

and (4.32) reduce to Eqs. (4.29) and (4.30), respectively.
Equations (4.29) and (4.30) can be written in a tensor format as follows:

κip = H ij εˆ jp

(4.33)

or equivalently
⎧ε + ep ⎫ ⎡ H +
⎪
⎪ ⎢
⎨ 0 ⎬=⎢ 0
⎪ε − ep ⎪ ⎢ 0
⎩
⎭ ⎣

ˆp
0 0 ⎤ ⎧ε1 ⎫
⎥ ⎪⎪ ⎪⎪
0 0 ⎥ ⎨εˆ2p ⎬
0 H − ⎦⎥ ⎪εˆ3p ⎪
⎩⎪ ⎭⎪

(4.34)

where
H + = r (σˆ ij )

(4.35)

H − = −(1 − r (σˆ ij ))

(4.36)

In the general case of anisotropic damage, the damage variable has been shown to be
tensorial in nature of second, fourth, or higher order (Murakami and Ohno, 1981; Krempl,
1981; Leckie et al 1981;Murakami, 1983; Krajcinovic, 19832; Ortiz, 1985; Chow and Wang,
1987, 1988; Voyiadjis and Kattan 1992a,b; Lubarda and Krajcinovic, 1993: Voyiadjis and
Abu-Lebdeh, 1993; Voyiadjis and Venson, 1995; Voyiadjis and Park, 1997, 1999; Seweryn
and Mroz, 1998; Voyiadjis and Deliktas, 2000, Abu Al-Rub and Voyiadjis, 2003; Voyiadjis et
al., 2003, 2004 and others). This damage tensor was shown to be an irreducible even-rank
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tensor (Onat, 1986; Onat and Leckie, 1988). A second order damage tensor is adopted in this
work which results in a fourth-order damage effect tensor as was shown in Chapter 3.
Next, the isotropic damage variable is generalized to the anisotropic damage form
(Voyiadjis and Venson, 1995; Abu Al-Rub and Voyiadjis, 2003):

ϕij = ρi ρ j

(4.37)

where ρ is the microdamage density in the principal directions which are assumed to be the
stress principal directions. Using coordinate transformation one can obtain ϕij in any other
directions.
The second order anisotropic damage tensor can be represented in matrix form as follows:
⎛ ϕ xx ϕ xy ϕ xz ⎞
⎜
⎟
[ϕij ] = ⎜ ϕ yx ϕ yy ϕ yz ⎟
⎜ ϕ zx ϕ zy ϕ zz ⎟
⎝
⎠

(4.38)

The above form of the damage tensor is a generalization of the Kachanov’s (1958) parameter.
The subscripts x, y, z represent the Cartesian coordinate system.
In this work, the linear elastic constitutive equations for the damaged material are presented
according to the principle of strain equivalence (see Chapter 3). The damaged material is
modeled using the constitutive laws of the undamaged (effective) material where the Cauchy
stress tensor, σ ij , is replaced by the effective stress tensor, σ ij (Cordebois and Sidoroff, 1979;
Murakami and Ohno, 1981):

σ ij = M ijklσ kl

(4.39)

where M ijkl is the fourth-order damage tensor that is used to make the stress tensor
symmetrical. There are different definitions for the tensor M ijkl that could be used to
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symmetrize σ ij . In this work the definition that was presented by Abu Al-Rub and Voyiadjis
(2003) is adopted:
M ijkl = 2[(δ ik − ϕik )δ jl + δ ik (δ jl − ϕ jl )]−1

(4.40)

Since concrete has distinct behavior in tension and compression, in the following the stress
tensor is decomposed into a positive part and a negative part using the spectral decomposition
technique outlined in Section 4.5. Therefore, σ ij can be given as follows:

σ ij = σ ij+ + σ ij−

(4.41)

where σ ij+ is the tension part and σ ij− is the compression part. In this work superimposed plus
sign “+” corresponds to tension and the minus sign “–” corresponds to compression.
Based on the above decomposition, one can assume that the expression in Eq. (4.39) to be
valid for both tension and compression, however, with decoupled damage evolution in tension
and compression such that:
+
σ ij+ = M ijkl
σ kl+

(4.42)

−
σ ij− = M ijkl
σ kl−

(4.43)

+
is the tensile damage effect tensor and M ijkl
is the corresponding compressive
where M ijkl

damage effect tensor which can be expressed in a decoupled form as a function of ϕij+ and ϕij− ,
respectively, as follows:
+
M ijkl
= 2 ⎡⎣ (δ ij − ϕij+ )δ kl + δ ij (δ kl − ϕkl+ ) ⎤⎦

−1

−
M ijkl
= 2 ⎡⎣ (δ ij − ϕij− )δ kl + δ ij (δ kl − ϕ kl− ) ⎤⎦

−1

(4.44)
(4.45)

The tensors ϕij+ and ϕij− are the positive and negative parts of second-order damage tensor ϕij ,
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respectively.
Now, by substituting Eqs. (4.42) and (4.43) into Eq. (4.41), one obtains:
+
−
σ ij = M ijkl
σ kl+ + M ijkl
σ kl−

(4.46)

From Section 3.3 of Chapter 3, the following spectral decomposition of σ ij into a positive
part σ ij+ and a negative part σ ij− is presented as follows:
+
σ kl+ = Pklpq
σ pq

(4.47)

+
−
⎤⎦ σ pq = Pklpq
σ kl− = ⎡⎣ I klpq − Pijpq
σ pq

(4.48)

By substituting Eqs. (4.47) and (4.48) into Eq. (4.46), the following relation can be obtained:
+
+
−
−
σ ij = M ijkl
Pklpq
σ pq + M ijkl
Pklpq
σ pq
+
+
−
−
⎤⎦ σ pq
= ⎡⎣ M ijkl
+ M ijkl
Pklpq
Pklpq

(4.49)

Comparing the above equation to Eq. (4.39), the definition of M ijkl can be given as:
+
+
−
−
M ijpq = M ijkl
Pklpq
+ M ijkl
Pklpq

(4.50)

+
−
= I ijkl − Pijkl
, the above equation can be rewritten in the following
Furthermore, by using Pijkl

form:
+
+
−
+
⎡⎣ I klpq − Pklpq
⎤⎦
+ M ijkl
M ijpq = M ijkl
Pklpq
+
+
−
−
+
= M ijkl
+ M ijpq
− M ijkl
Pklpq
Pklpq

(4.51)

+
−
−
= ( M ijkl
− M ijkl
) Pklpq+ + M ijpq

Moreover, one should notice the following:
+
−
M ijkl ≠ M ijkl
+ M ijkl

(4.52)

ϕij ≠ ϕij+ + ϕij−

(4.53)

or
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It is noteworthy that the relation in Eq. (4.51) assumes decoupling for both tensile damage
and compressive damage through the fourth-order tensor Pijkl . However, Eq. (4.51) does not
incorporate elastic stiffness recovery during transition from tension to compression as
presented by Lee and Fenves (1998), Eq. (4.20). One way to enhance elastic stiffness recovery
during cyclic loading is by multiplying ϕij+ in Eq. (4.44) by the stiffness recovery factor s , Eq.
(4.21), such that:
+
= 2 ⎡⎣(δ ij − sϕij+ )δ kl + δ ij (δ kl − sϕkl+ ) ⎤⎦
M ijkl

−1

(4.54)

+
Therefore, if one substitutes both M ijkl
, Eq. (4.45), and M ijkl
, Eq. (4.54), into M ijkl in Eq.

(4.51), coupling between tensile and compressive damages and elastic stiffness recovery is
enhanced.
Another approach to enhance coupling between tensile damage and compressive damage as
well as in order to incorporate elastic stiffness recovery during cyclic loading, one can extend
the isotopic damage model of Lee and Fenves (1998) presented in Eq. (4.20) to anisotropic
damage as follows:

ϕij = δ ij − (δ ik − sϕik+ )(δ jk − ϕ −jk )

(4.55)

where s is given by Eq. (4.21). In the case where of full elastic stiffness recovery (i.e. s = 0 )
Eq. (4.55) reduces to ϕij = ϕij− and in the case of no stiffness recovery (i.e. s = 1 ) Eq. (4.55)
takes the form of ϕij = ϕij− + ϕik+ − ϕik+ϕ −jk such that both ϕij+ and ϕij− are coupled. This means that
during transition from tension to compression some cracks are closed or partially closed which
could result in partial recovery of the material stiffness (i.e. s > 0 ) in the absence of damage
healing. However, during transition from compression to tension, the existing cracks during
compressive loading could grow more which causes stiffness degradation and such that no
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stiffness recovery is expected. This is why the parameter s only affects the tensile damage
variable ϕij+ as is shown in Eq. (4.55). However, one may argue that during tensile loading a
minimal stiffness recovery could occur due to geometrical constraints set up by the interaction
between the cracks and the microstructure of concrete. This is what was suggested in
ABAQUS (2003) and presented through Eq. (4.25). However, the former approach will be
followed in this work where elastic stiffness recovery occurs only during the transition from
tensile to compressive state of stress.
Substituting Eq. (4.9) into Eq. (4.39), one can obtain the following:
−1
−1
e
σ ij = M ijkl
σ kl = M ijkl
Eijkl ε mn

(4.56)

−1
can be written from Eq. (4.40) as follows:
The damage tensor M ijkl

−1
M ijkl
=

1
⎡(δ ij − ϕij )δ kl + δ ij (δ kl − ϕ kl ) ⎤⎦
2⎣

(4.57)

By substituting Eq. (4.55) into Eq. (4.57), one gets a coupled damage effect tensor in terms of

ϕij− and ϕij+ as follow:
−1
M ijkl
=

1
+
⎡⎣(δ im − sϕim+ )(δ jm − ϕ −jm )δ kl + δ ij (δ km − sϕ km
)(δ lm − ϕlm− ) ⎤⎦
2

(4.58)

It can be noted that the above expression couples tensile damage and compressive damage.
Moreover, it takes into account the stiffness recovery during the transition from tension to
compression. For full elastic stiffness recovery ( s = 0 ), Eq. (4.58) yields Eq. (4.45) such that
−
M ijkl = M ijkl
. However, for no elastic stiffness recovery ( s = 1 ), Eq. (4.58) reduces to:

−1
M ijkl
=

1
+
⎡(δ im − ϕim+ )(δ jm − ϕ −jm )δ kl + δ ij (δ km − ϕ km
)(δ lm − ϕlm− ) ⎤⎦
2⎣
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(4.59)

4.5 Plasticity Yield Surface
For the representation of concrete behavior under tension and compression loadings, a yield
criterion is a necessity. It is known that concrete behaves differently under tension and
compression loadings, thus, the plasticity yield criterion can not be assumed to be similar.
Assuming the same yield criterion for both tension and compression for concrete materials can
lead to over/under estimation of plastic deformation (Lubliner et al., 1989). The yield criterion
of Lubliner et al. (1989) that accounts both tension and compression plasticity is adopted in
this work. This criterion has been successful in simulating the concrete behavior under
uniaxial, biaxial, multiaxial, and cyclic loading (Lee and Fenves (1998) and the references
outlined there). This criterion is expressed in the effective (undamaged) configuration and
given as follows:
f = 3J 2 + α I1 + β ( κ )H(σˆ max )σˆ max − (1 − α ) c − (ε − ep ) = 0

(4.60)

where J 2 = sij sij / 2 is the second-invariant of the effective deviatoric stress sij = σ ij − σ kk δ ij / 3 ,
I1 = σ kk is the first-invariant of the effective stress σ ij ,

κ is the equivalent plastic strain

which is defined in Eq. (4.33), H(σˆ max ) is the Heaviside step function (H=1 for σˆ max > 0 and
H=0 for σˆ max < 0 ), and σ̂ max is the maximum principal stress.
The parameters α and β are dimensionless constants which are defined by Lubliner et al.
(1989) as follows:

α=

( f b 0 / f 0− ) − 1
2( fb 0 / f 0− ) − 1

β = (1 − α )

c − (ε − ep )
− (1 + α )
c + (ε + ep )
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(4.61)

(4.62)

where f b 0 and f 0− are the initial equibiaxial and uniaxial compressive yield stresses,
respectively (Fig. 4.1(b)). Experimental values of fb 0 / f 0− lies between 1.10–1.16; yielding α
between 0.08–0.12. For more details about the derivation of both Eqs. (4.61) and (4.62), the
reader is referred to Lubliner et al. (1989).
The compressive isotropic hardening function c − is defined by the following law:
c − (ε − ep ) = b ( Q − c ) ε − ep

(4.63)

where Q and b are material constants characterizing the saturated stress and the rate of
saturation, respectively, which are obtained in the effective configuration of the compressive
uniaxial stress-strain diagram. However, a linear expression is assumed for the tensile
hardening function c + such that:
c + (ε + ep ) = hε + ep

(4.64)

where h is a material constant obtained in the effective configuration of the tensile uniaxial
stress-strain diagram.

4.6 Flow Rule
The shape of the loading surface at any given point in a given program can be obtained by
hardening rule. Basically, flow rule connects the loading surface/function and the stress-strain
relation. When the current yield surface f is reached, the material is considered to be in
plastic flow state upon increase of the loading. The flow rule is presented as follows:

∂F
εijp = λ
∂σ ij

p

(4.65)

Plastic potential given in the form of Drucker-Prager plastic potential as the following:

F p = 3 J 2 + α p I1
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(4.66)

∂F p 3 sij
=
+ α pδ ij
∂σ ij 2 3J 2

(4.67)

where λ is plastic loading factor or known as Lagrangian multiplier. The plastic strain
magnitude is defined using consistency condition.

4.7 Tensile and Compressive Damage Surfaces
The anisotropic damage growth function is presented as proposed by Chow and Wang
(1987). However, this equation is generalized here in order to incorporate both tensile and
compressive damage separately such that :
g± =

1 ± ± ±
Yij LijklYij − K ± (ϕeq± ) ≤ 0
2

(4.68)

where superscript ± designates tension, +, or compression, − , K is the damage isotropic
hardening function, K = K 0 when there is no damage, K 0 is the initial damage parameter, the
parameter, Lijkl is a fourth-order symmetric tensor, and Yij is the damage driving force that
characterizes damage evolution and is interpreted here as the energy release rate (Voyiadjis
and Kattan, 1999; Abu Al-Rub and Voyiadjis, 2003). For simplicity in this work Lijkl is taken
as the identity tensor:
I ijkl =

1
(δ ik δ jl + δ ilδ jk )
2

(4.69)

Other expression for Lijkl have been presented in Section 3.2.2 of Chapter 3.
The rate of the equivalent damage ϕeq± is defined as follows (Voyiadjis and Kattan, 1999):

ϕeq± = ϕij±ϕij±

t

with ϕeq± = ∫ ϕeq± dt

(4.70)

0

The rate of the tensile damage isotropic hardening function K + is assumed to have the
following form:
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K + =

⎡ + ⎛ K+
K+
exp
⎢ B ⎜1 − +
K o+
+
⎢⎣ ⎝ K o
B + +
K

⎞⎤ +
⎟ ⎥ ϕeq
⎠ ⎥⎦

(4.71)

whereas the compressive damage isotropic hardening function K − is assumed to have a
slightly different form:
⎡ − ⎛ K−
K o−
−

K = − exp ⎢ − B ⎜1 − −
B
⎝ Ko
⎣⎢

⎞⎤ −
⎟ ⎥ ϕeq
⎠ ⎦⎥

(4.72)

where K o± is the initial damage threshold which is interpreted as the area under the linear
portion of the stress-strain diagram such that:
f o± 2
K =
2E
±
o

(4.73)

The material constant B ± is related to the fracture energy G ±f , which is shown in Fig. 4.3
for both tension and compression, as follows:
⎡ G ±f E 1 ⎤
B = ⎢ ±2 − ⎥
2 ⎥⎦
⎣⎢ Af o

−1

±

(4.74)

where A is a length scale that is usually have a value close to the size of the smallest element
in a finite element mesh. It is used to obtain mesh independent results.

σ

σ

f 0−
f

+
0

(a)

(b)
G −f

G +f

εp

Fig.4.3 (σ − ε ) relation for uniaxial test, a) tension, b) compression
p
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εp

The model response in the damage domain is characterized by the Kuhn-Tucker
complementary conditions as follows:

±

g ≤ 0 and

±
⎧ < 0 ⇒ λd = 0 ⎫
⎪⎪
⎪⎪
±
g ± ⎨ = 0 ⇒ λd = 0 ⎬ ⇔
±
⎪
⎪
= 0 ⇒ λd > 0 ⎪
⎩⎪
⎭

⎧effective(undamaged state)
⎪
⎨ damage initiation
⎪ damage growth
⎩

(4.75)

With the consideration of the above equation, one writes specific conditions for tensile and
compressive stages: when g + < 0 there is no tensile damage and if g + > 0 there is tensile
damage in the material; and when g − < 0 there is no compressive damage in the material and
if g − > 0 , it means there is compressive damage.

4.8 Consistent Thermodynamic Formulation
The constitutive equations are derived from the second law of thermodynamics, the
expression of Helmholtz free energy, the additive decomposition of the total strain rate in to
elastic, and plastic, the Clasius-Duhem inequality, and the maximum dissipation principle.

4.8.1 Isotropic Damage
The Helmholtz free energy can be expressed in terms of suitable set of internal state
variables that characterize the elastic, plastic, and damage behavior of concrete. In this work
the following internal variables are assumed to satisfactory characterize the behavior of
concrete both in tension and compression such that:

ψ = ψ (ε ije , ε + ep , ε − ep , ϕ + , ϕ − )

(4.76)

where ε ije is the elastic strain tensor, ε + ep and ε − ep are the equivalent (effective) tension and
compression plastic strains presented in Eqs. (4.31) and (4.32) that are assumed here to
characterize plasticity isotropic hardening. The scalar damage variables ϕ + and ϕ − are the
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tensile and compressive damage crack densities, respectively.
The Helmholtz free energy is given as a decomposition of elastic, ψ e , and plastic, ψ p ,
parts such that:

ψ = ψ e (ε ije , ϕ + , ϕ − ) +ψ p (ε + ep , ε − ep )

(4.77)

It can be noted from the above decomposition that damage affects only the elastic
properties and not the plastic ones. However, for more realistic description, one should
introduce the damage variables in the plastic part of the Helmholtz free energy (e.g. Voyiadjis
et al., 2003, 2004; Abu Al-Rub and Voyiadjis, 2003). However, these effects are not
significant for brittle materials and can, therefore, be neglected.
The elastic specific free energy ψ e is expressed as the following:
1
2

1
2

ρψ e = ε ije Eijkl (ϕ + , ϕ − )ε kle = σ ijε ije

(4.78)

Substituting into the above equation the additive spectral decomposition of the Cauchy stress
into positive and negative parts, σ ij = σ ij+ + σ ij− , one can write:
1
2
1 + e 1 − e
= σ ij ε ij + σ ij ε ij
2
2

ρψ e = (σ ij+ + σ ij− )ε ije

(4.79)

The effective (undamaged) parts of σ ij+ and σ ij− can be expressed as follows:

σ ij+
σ ij−
−
, σ ij =
σ =
1−ϕ +
1−ϕ −
+
ij

(4.80)

Substituting Eq. (4.80) back into Eq. (4.78), the following relation can be obtained:
1
2

1
2

ρψ e = (1 − ϕ + )σ ij+ε ije + (1 − ϕ − )σ ij−ε ije
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(4.81)

Similarly to the Eqs. (4.47) and (4.48) the following expressions are given:

σ ij+ = Pijkl+ σ kl , σ ij− = Pijkl− σ kl

(4.82)

Substituting the above equations into Eq. (4.81), the following relation can be written:
1
1
2
2
1
+
−
⎤⎦ σ kl ε ije
= ⎡⎣(1 − ϕ + ) Pijkl
+ (1 − ϕ − ) Pijkl
2

ρψ e = (1 − ϕ + ) Pijkl+ σ kl ε ije + (1 − ϕ − ) Pijkl− σ kl ε ije
(4.83)

Comparing the above expression with ρψ e = σ ijε ije / 2 in Eq. (4.78), one can easily obtain:
1
2

1
2

−1
ρψ e = M ijkl
σ kl ε ije = σ ij ε ije

(4.84)

where the effective stress σ ij is given in terms of the nominal stress σ ij as in Eq. (4.39) such
that:
−1
−1
+
−
σ ij = M ijkl
σ kl with M ijkl
= (1 − ϕ + ) Pijkl
+ (1 − ϕ − ) Pijkl

(4.85)

It can be noted from the above framework that adopting the decomposition of the scalar
damage variable ϕ into a positive ϕ + part and a negative ϕ − part enhances anisotropic
damage such that the fourth-order damage effect tensor is given by Eq. (4.85)2 in terms of the
+
−
spectral decomposition tensors Pijkl
and Pijkl
. However, it is believed that this anisotropy is

weak as compared to the anisotropic damage effect tensor presented in Eq. (4.40).
In the following, the thermodynamic conjugate forces associated with the internal state
variables in Eq. (4.77) are derived based on the second law of thermodynamics. For isothermal
behavior, the second-law of thermodynamics states that the rate of change in the internal
energy is less than or equal to the external expenditure of power such that:

∫ ρψ dv ≤ P

ext

v
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(4.86)

where Pext is the external power which according to the principle of virtual power should be
equal to the internal power such that:

Pext = Pint = ∫ σ ij εij dv

(4.87)

v

Substituting Eq. (4.87) into Eq. (4.86), one can write the following:

∫ ρψ dv − ∫ σ ε dv ≤ 0 ⇔
ij ij

v

v

⇔ ∫ ( ρψ − σ ijεij )dv ≤ 0

(4.88)

v

In a pointwise sense, the Clausius-Duhem inequality can be inferred from Eq.(4.88) as
follows:

σ ij εij − ρψ ≥ 0

(4.89)

Taking the time derivative of Eq. (4.77), the following expression can be written:

ψ = ψ e + ψ p =

∂ψ e e ∂ψ e + ∂ψ e − ∂ψ p + ep ∂ψ p − ep
εij + + ϕ + − ϕ + + ep ε + − ep ε
∂ε ije
∂ϕ
∂ϕ
∂ε
∂ε

(4.90)

By plugging the rate of the Helmholtz free energy density, Eq. (4.90), into the ClausiusDuhem inequality, Eq. (4.89), one can write the following:

⎛
⎜
⎝

σ ijεijp + ⎜ σ ij − ρ

∂ψ
∂ε ije

⎞ e
∂ψ e +
∂ψ e −
∂ψ p + ep
∂ψ p − ep




−
−
−
−
ε
ρ
ϕ
ρ
ϕ
ρ
ε
ρ
ε ≥ 0 (4.91)
⎟⎟ ij
+
−
+ ep
− ep
ϕ
ϕ
ε
ε
∂
∂
∂
∂
⎠

The above equation is valid for any admissible internal state variable such that one can define
the following:

σ ij = ρ

∂ψ e
∂ε ije

(4.92)

and

σ ijεijp + Y +ϕ + + Y −ϕ − − c +ε + ep − c −ε − ep ≥ 0
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(4.93)

where the damage and plasticity conjugate forces that appear in the above expression are
defined as follows:
∂ψ e
Y = −ρ
∂ϕ +

(4.94)

∂ψ e
∂ϕ −

(4.95)

∂ψ p
∂ε + ep

(4.96)

∂ψ p
c = ρ − ep
∂ε

(4.97)

+

Y − = −ρ

c+ = ρ

−

The dissipation energy Π can be assumed to be due to damage and plasticity effects as the
following:

Π = Πd + Π p ≥ 0

(4.98)

The plasticity and damage dissipation potentials are given, respectively, as follows:
Π p = σ ij εijp − c +ε + ep − c −ε − ep ≥ 0

(4.99)

Π d = Y +ϕ + + Y −ϕ − ≥ 0

(4.100)

The rate of the internal variables associated with plastic and damage deformations are
obtained by utilizing the calculus of functions of several variables with the plasticity and
damage Lagrange multipliers λ p and λd , respectively. Thus the following objective function
can be defined:

Ω = Π − λ p F p − λd+ g + − λd− g − ≥ 0

(4.101)

Using the well known maximum dissipation principle (Simo and Honein, 1990; Simo and
Hughes, 1998), which states that the actual state of the thermodynamic forces ( σ ij , Y ± , c ± ) is
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that which maximizes the dissipation function over all other possible admissible states. Hence,
one can maximize the objective function Ω by using the necessary conditions as follows:
∂Ω
∂Ω
∂Ω
= 0,
= 0,
=0
±
∂σ ij
∂Y
∂c ±

(4.102)

Substituting Eq. (4.101) into Eqs. (4.102) along with Eqs. (4.99) and (4.100) yields the
following corresponding thermodynamic laws:
p
p
p ∂F


ε ij = λ
∂σ ij

(4.103)

ϕ + = λd+

∂g +
∂Y +

(4.104)

ϕ − = λd−

∂g −
∂Y −

(4.105)

p
p ∂F
+ ep


ε =λ
∂c +

(4.106)

∂F p
∂c −

(4.107)

ε − ep = λ p

4.8.2 Anisotropic Damage
Analogous to the thermodynamic framework presented in the previous section for the
isotropic damage case, anisotropic damage can also be formulated based on the second law of
thermodynamic. The Helmholtz free energy function in Eq. (4.76) can be expanded to the
anisotropic damage case:

ψ = ψ (ε ije , ϕij+ , ϕij− , ϕeq+ , ϕeq− , ε + ep , ε − ep )
where ϕeq+ and ϕeq− are the equivalent (accumulated) damage variables for tension and
compression , respectively, which are defined in Eq. (4.70)2.

90

(4.108)

One may argue that it is enough to incorporate the damage tensor ϕij± instead of
incorporating both ϕij± and ϕeq± . However, the second-order tensor ϕij± introduces anisotropy
while the scalar variable ϕeq± introduces isotropy characterized by additional hardening.
The Helmholtz free energy is given as a decomposition of elastic, ψ e , and plastic, ψ p ,
parts such that:

ψ = ψ e (ε ije , ϕij+ , ϕij− , ϕeq+ , ϕeq− ) + ψ p (ε + ep , ε − ep )

(4.109)

The elastic free energy ψ e is given in term of second order damage tensor ϕij , similar to
the Eq. (4.79), as follows:
1
2

1
2

1
2

ψ e = ε ije Eijkl (ϕij+ , ϕij− )ε kle = σ ijε ije = (σ ij+ + σ ij− )ε ije

(4.110)

Substituting Eqs. (4.42) and (4.43) along with the Eqs. (4.82)1, (4.82)2, (4.39), and (4.50) into
Eq. (4.110) and making some algebraic simplifications, one can obtain the following the
relation:
1
+
− ⎤ e
+ σ ij− M ijkl
ψ e = ⎡σ ij+ M ijkl
ε ij
−1

−1

⎦
2⎣
1
+ −1 +
− −1 −
= ⎡ M ijkl
Pklpqσ pq + M ijkl
Pklpqσ pq ⎤ ε ije
⎣
⎦
2
1
+ −1 +
− −1 − ⎤
= ⎡ M ijkl
Pklpq + M ijkl
Pklpq σ pqε ije
⎣
⎦
2
1 −1
1
= M ijpq
σ pqε ije = σ ij ε ije
2
2

(4.111)

such that one can relate the nominal stress to the effective stress as:
−1

−1

−1
−1
+
+
−
−
σ ij = M ijkl
σ ij with M ijpq
= M ijkl
Pklpq
+ M ijkl
Pklpq

(4.112)

−1
where M ijpq
is the inverse of Eq. (4.50). This shows that if one neglects the stiffness recovery

effect during transition from tensile to compressive loading, the damage effect tensor M ijkl can
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then be expressed in term of the positive and negative parts by Eq. (4.51).
Taking the time derivative of Eq. (4.109), the following expression can be obtained:

ψ =

∂ψ e e ∂ψ e + ∂ψ e − ∂ψ e + ∂ψ e − ∂ψ p + ep ∂ψ p − ep
εij + + ϕij + − ϕij + + ϕeq + − ϕeq + + ep ε + − ep ε
(4.113)
∂ε ije
∂ϕij
∂ϕij
∂ϕeq
∂ϕeq
∂ε
∂ε

By substituting the Eq. (4.113) into the Clausius-Duhem inequality in Eq. (4.89) along with
the additive decomposition of the total strain into elastic and plastic parts, Eq. (4.1), one can
obtain the following relation:
⎛
∂ψ e ⎞ e
∂ψ e +
∂ψ e −
∂ψ e +
∂ψ e −
p





σ
ρ
ε
σ
ε
ρ
ϕ
ρ
ϕ
ρ
ϕ
ρ
ϕeq
−
+
−
−
−
−
⎜⎜ ij
ij
ij ij
ij
ij
eq
+
−
+
−
e ⎟
⎟
ε
ϕ
ϕ
ϕ
ϕ
∂
∂
∂
∂
∂
ij ⎠
ij
ij
eq
eq
⎝
p
p
∂ψ
∂ψ
− ρ + ep ε + ep − ρ − ep ε − ep ≥ 0
∂ε
∂ε

(4.114)

Since the above expression is valid for any admissible internal state variable, one obtains Eqs.
(4.92), (4.96), and (4.97). Whereas the thermodynamic forces associated with anisotropic
damage can be defined here as follows:

∂ψ e
Y = −ρ
∂ϕij+

(4.115)

Yij− = − ρ

∂ψ e
∂ϕij−

(4.116)

K+ = ρ

∂ψ e
∂ϕeq+

(4.117)

∂ψ e
K =ρ −
∂ϕeq

(4.118)

+
ij

−

Substituting Eqs. (4.92), (4.96), (4.97), and (4.115)-(4.118) into Eq. (4.114), one can then
rewrite the Clausius-Duhem inequality similar to Eq. (4.98), but with Π d is given by:
Π d = Yij+ϕij+ + Yij−ϕij− − K +ϕeq+ − K −ϕeq− ≥ 0
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(4.119)

Now one can continue similar to the presentation in the previous section by defining an
objective function, Eq. (4.101), and the corresponding necessary conditions given by Eqs.
(4.102) but with replacing Eq. (4.102)2 by:
∂Ω
=0
∂Yij±

(4.120)

and augmenting the following conditions for the damage forces K ± :

∂Ω
=0
∂K ±

(4.121)

Substituting Eq. (4.101) along with Eqs. (4.99) and (4.119) into Eqs. (4.102)1, (4.102)3,
(4.120), and (4.121) yield the flow rules in Eqs. (4.103), (4.106), and (4.107) along with the
following additional equations that correspond to the anisotropic damage postulate:

∂g +
∂Yij+

(4.122)

−
−
− ∂g


ϕij = λd
∂Yij−

(4.123)

ϕeq+ = λd+

∂g +
∂K +

(4.124)

ϕeq− = λd−

∂g −
∂K −

(4.125)

ϕij+ = λd+

4.8.3 Expression for the Helmholtz Free Energy Function
Based on the addition decomposition of the Helmholtz free energy function into elastic and
plastic parts (4.109), the following expression is used (Mazars, 1989) for the elastic part:

⎡
⎣

ρψ e = ε ije Eijkl (ϕij± ) ε kle + K o± ⎢ϕeq± +
1
2

1
⎤
ln(1 − ϕeq± ) ⎥
±
B
⎦

(4.126)

where K o± is the initial damage threshold defined in Eq. (4.73) and B ± is material constants
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which are expressed in terms of the fracture energy and an intrinsic length scale, Eq. (4.74).
Substituting Eq. (4.126) into the relation in the Eqs. (4.117) and (4.118), one can easily
obtain the following expressions for the damage driving forces K ± :
K± = ρ

∂ψ e
1
⎡
⎤
= K o± ⎢1 − ± ln(1 − ϕeq± ) ⎥
±
∂ϕeq
⎣ B
⎦

(4.127)

By taking the time derivative of the above expression one retrieves the rate form of the damage
hardening/softening function K ± presented in Eqs. (4.71) and (4.72) such that:
⎡
K±
K± ⎤
K ± = o± exp ⎢ − B ± (1 − ± ) ⎥ ϕeq±
B
Ko ⎦
⎣

(4.128)

It is noteworthy that the expression that is presented in Eq. (4.71) for tensile damage is a
slightly different than the one shown in Eq. (4.128). However, in the remaining of this study,
Eq. (4.71) is used. This is attributed to the better representation of stress-strain diagram under
tensile loading, as shown in Chapter 6, when Eq. (4.71) is used instead of Eq. (4.128).
Now, one can get the relation of the damage driving force Yij± from Eqs. (4.115), (4.116),
and (4.126) in the following form:

∂ψ e
1 e ∂Eijkl e
=
−
ε ij
ε kl
Y = −ρ
∂ϕ rs±
2 ∂ϕrs±
±
rs

(4.129)

Since the strain equivalence hypothesis is assumed in this work, it was shown in Chapter 3 that
the damaged elasticity tensor Eijkl can be expressed in terms of the corresponding undamaged
value Eijkl by the following relation:
−1
Eijkl = M ijmn
Emnkl

(4.130)

By taking the derivative of Eq. (4.130) with respect to the damage parameter, ϕij , one obtains :
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∂Eijkl
∂ϕrs±

=

−1
∂M ijmn

∂ϕrs±

(4.131)

Emnkl

Now, by substituting Eq. (4.131) into Eq. (4.129), one obtains the following expression for
Yij± :
−1
1 ∂M ijmn
Yrs± = − ε ije
Emnkl ε kle
∂ϕrs±
2

(4.132)

where from Eq. (4.112)2, one can write the following expression:
−1
∂M ijmn

∂ϕ

±
rs

−1

=

±
∂M ijpq

∂ϕ

±
rs

±
Ppqmn

(4.133)

One can rewrite Eq. (4.132) in terms of the effective stress tensor by substituting the inverse of
Eq. (4.2) such that:
−1
∂M ijmn
1 −1
−1
σ pq
Y = − Eijabσ ab
Emnkl Eklpq
∂ϕ rs±
2
±
rs

−1
∂M ijmn
1 −1
σ ab
δ mpδ nqσ pq
= − Eijab
∂ϕ rs±
2

(4.134)

−1
∂M ijpq
1 −1
σ pq
= − Eijabσ ab
∂ϕrs±
2

The plastic part of the Helmholtz free energy function is postulated to have the following
form (Abu Al-Rub and Voyiadjis, 2003):

⎛
⎝

1
2

1
b

⎞
⎠

ρψ p = f o+ε + ep + h(ε + ep ) 2 + f o−ε − ep + Q ⎜ ε − ep + exp(−bε − ep ) ⎟

(4.135)

Substituting Eq. (4.135) into Eqs. (4.96) and (4.97) yield the following expressions for the
plasticity conjugate forces c + and c − :

∂Z +
c = ρ + ep = f o+ + hε + ep
∂ε
+

and
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(4.136)

(

− ep
∂Z −
c = ρ − ep = f o− + Q 1 − e− bε
∂ε

−

)

(4.137)

such that by taking the time derivative of the above two expression one can easily retrieve Eqs.
(4.63) and (4.64), respectively.
For the sake of completeness the main constitutive equations of the proposed model are
presented in Table 4.1.
The algorithmic and numerical implementation of the present constitutive model in the
well-known commercial Finite Element software ABAQUS is thoroughly discussed in the
following chapter. Numerical illustrations that show the applicability of the proposed model
are presented in Chapter 6.
Table 4.1 Constitutive equations of the proposed coupled elasto-plastic-damage model.

i. Stress-strain relationship

σ ij = (1 − ϕ ) Eijkl ε kle = Eijkl ε kle

−1
where Eijkl = M ijmn
Emnkl

ii. Flow-Rules

εijp = λ

∂F p
∂F p 3 sij
=
+ αδ ij
, F p = 3 J 2 + α p I1 ,
∂σ ij 2 3J 2
∂σ ij

iii. Isotropic hardening functions
a. Plasticity
c − (ε − ep ) = b ( Q − c ) ε − ep

c + (ε + ep ) = hε + ep
b. Damage
⎡
⎛ K − ⎞⎤
K−
K − = o− exp ⎢ − B − ⎜1 − − ⎟ ⎥ ϕeq−
B
⎝ K o ⎠ ⎥⎦
⎣⎢
⎡ + ⎛ K + ⎞⎤ +
K+
K + =
exp
⎢ B ⎜ 1 − + ⎟ ⎥ ϕeq
K o+
+
⎣⎢ ⎝ K o ⎠ ⎦⎥
B + +
K

96

Table 4.1 Continued

iv. Yield and damage conditions
f = 3J 2 + α I1 + β ( κ )H(σˆ max )σˆ max − (1 − α ) c − (ε − ep ) = 0 ;
1 ± ± ±
Yij LijklYij − K ± (ϕeq± ) ≤ 0
2
∂ψ e
1 e ∂Eijkl e
±
=
−
with Yrs = − ρ
ε ij
ε kl
∂ϕ rs±
2 ∂ϕrs±
v. Kuhn-Tucker conditions
g± =

±

g ≤ 0 and

±
⎧ < 0 ⇒ λd = 0 ⎫
⎪⎪
⎪⎪
±
g ± ⎨ = 0 ⇒ λd = 0 ⎬ ⇔
⎪
⎪
±
⎪⎩= 0 ⇒ λd > 0 ⎪⎭

⎧effective(undamaged state)
⎪
⎨ damage initiation
⎪ damage growth
⎩

vi. Helmholtz free energy function
1
1
⎡
⎤
ρψ e = ε ije Eijkl (ϕij± ) ε kle + K o± ⎢ϕeq± + ± ln(1 − ϕeq± ) ⎥
2
B
⎣
⎦
1
1
⎛
⎞
ρψ p = f o+ε + ep + h(ε + ep )2 + f o−ε − ep + Q ⎜ ε − ep + exp(−bε − ep ) ⎟
2
b
⎝
⎠
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Chapter 5 Numerical Implementation
5.1 Introduction
Numerous plastic-damage models are used in the literature (Ortiz, 1985; Simo and Ju,
1987; Ju, 1989; Lubliner et al., 1989; Yazdani and Schreyer, 1990; Voyiadjis and AbuLebdeh, 1993, 1994; Abu-Lebdeh and Voyiadjis, 1993; Lee and Fenves, 1998 and others) to
represent the non-linear monotonic and cyclic behavior of quasi-brittle materials such as
concrete. In plastic-damage models, degradation of elastic stiffness and permanent
deformation due to tensile cracking and compressive crushing are given using number of
internal variables. It is known that quasi-brittle materials behavior differs under cyclic loading
and different failure modes are observed. Consequently, the plastic-damage models for
concrete include many principal stress terms in the evolution equations of those internal
variables and yield criteria. The classical return-mapping algorithm is not sufficient enough
(Krieg and Krieg, 1977; Ortiz and Popov, 1985; Simo and Taylor, 1985 and 1986; Simo et al.,
1988)

to solve a non-linear system for such a constitutive model discussed above. This

insufficiency is considered to be mainly due to two reasons: First, it is necessary to repeat the
computation of the eigenvalues at each iteration; and secondly, the way the principal stresses
are formulated in terms of the general stress is quite complex.
The return-mapping algorithm introduced by Simo (1992), for large deformation, employs
the decomposition of the trial stress in order to decouple the return-mapping algorithm. This
algorithm is based on the principal stress space. The principal stress is treated as an unknown
in the iteration during the corrector step. This kind of algorithm is called the “spectral returnmapping algorithm”. This algorithm enables one to solve the constitutive equations efficiently.
All the equations are represented in terms of the principal stresses. By setting any of the
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principal stresses equal to zero, the plane stress relations can be calculated. This approach
eliminates the use of the projection matrix in the formulation (Simo and Taylor, 1986; Simo et
al., 1988; Fensta and de Borst, 1995 and others).
There are many constitutive models regarding the return-mapping algorithm for quasibrittle materials. Some of these models are very efficient methods in the numerical
implementation of the material model. Nevertheless, these models are for either classical
plasticity or continuum damage theory models (Ibrahimbegovic, 1994; Hofstetter et al., 1993;
Hopperstad and Remseth, 1995; among others).These models, however, lack of ability of
depicting accurately the behavior of the materials (Cervera et al., 1995; Govindjee et al.,
1995). In some cases these models do not consider the spectral return-mapping algorithm in
the computation of the constitutive equations (Fenstra and de Borst, 1995; Hofstetter et al.,
1993; Hopperstad and Remseth, 1995; Cervera et al., 1995; Govindjee et al., 1995 etc.)
The development of computational algorithms that are consistent with the proposed
theoretical formulation is given in detail in this study. The problem of numerically integrating
the constitutive equations in the context of the finite element method is also addressed. A
direct and simple computational algorithm for the plastic-damage model is presented. This
algorithm can be implemented in the existing finite element codes without numerous
modifications as compared to the current numerical approaches for plastic-damage models for
concrete. Furthermore, a trivially incrementally objective integration scheme is established for
the constitutive relations. The proposed elastic predictor and coupled plastic-damage corrector
algorithm allows for total uncoupling of geometrical and material nonlinearities. The nonlinear
algebraic system of equations is solved using the consistent linearization and the Newton–
Raphson iteration. The proposed model is implemented in the explicit finite element code
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ABAQUS (2003) via the user subroutine UMAT. The complete details are presented for the
implementation of the proposed novel numerical treatment of the problem.
Model capabilities are preliminarily illustrated for three and four point load concrete beams
and the results are compared with the experimental data.
In this work the return-mapping algorithm is used based on the algorithm of Lee and
Fenves (2001) where an efficient plane stress computation scheme based on the spectral
return-mapping algorithm is presented. Lee and Fenves (2001) also formulated the consistent
algorithmic tangent stiffness. Rigorous spectral return-mapping formulations for threedimensional and plane stress cases are described within the context of infinitesimal strain.

5.2 Numerical Aspects
In this section, the numerical integration for the plastic-damage model is developed. In
Sections 5.2.1-5.2.3 the equations of motion and the principle of virtual power are formulated.
Section 5.3 describes in detail the return mapping algorithm considered in the integration of
the proposed constitutive model. The return mapping algorithm is based on the extension of
the classical predictor-corrector structure. An operator split structure is developed consisting of
a trial state followed by the return map by imposing the generalized plastic and damage
consistency conditions simultaneously. Furthermore, a trivially incrementally objective
integration scheme is established for the constitutive relations. The proposed deformation
scheme is based on elastic stress-strain representations and the proposed elastic predictor and
coupled plastic-damage corrector algorithm allows for total uncoupling of geometrical and
material nonlinearities. The nonlinear algebraic system of equations is solved by consistent
linearization and the Newton–Raphson iteration. Representative numerical simulations
illustrating the performance of the proposed numerical formulation are included in Chapter 6.
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5.2.1 General Formulation
Let to , t1 , … , tn , tn +1 = tn + ∆t , … be convenient time instances along the time interval
over which the response of the body is sought. Consider the time step ∆t = tn +1 − tn : at t = tn
where all quantities are known, which are the converged values of the previous step, and the
solution must be computed at tn +1 for a given body load increment, ∆ b , and surface load
increment, ∆ t .
Let the dynamic evolution of the elastic-plastic and damaged body of volume V and
surface S be governed at step time n + 1 , by following momentum, initial, and compatibility
relations:

LTτ n +1 + ρo bn +1 = ρ oυn +1 in V ; t n +1 = τ n +1n on St
u = uo , υ = υ o

(5.1)

at t = to

(5.2)

ln +1 = ∇υ n +1 = C υ n +1 in V

(5.3)

un+1 = u on Su ; υ n+1 = υ on;

(5.4)

where ( • )n +1 = ( • )n + ∆ ( • ) is the additive decomposition of each of the internal variables. For
algorithmic convenience, one shifts to the matrix vector notation in this section. Eqs.(5.1)
express the discrete dynamic motion in the volume V and equilibrium on the free part of the
boundary St at n + 1 . L is the differential operator, b and t are the body force and the surface
traction vectors, respectively, u is the three-component displacement vector, and n denotes
the outward normal to the surface S. The initial conditions on displacements and velocities are
given by Eqs. (5.2). The compatibility relation in volume V is given by Eq.(5.3). The
boundaries Su , Sυ , ST , and Sq are parts of the boundary where the displacement u , the
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velocity υ , concentrated forces T , and distributed forces q respectively. It is clear that

St ∪ Su ∪ Sυ ∪ ST ∪ S q = S , St ∩ Su = 0 , and ST ∩ S q = 0 .
In the context of the finite element method, the discrete problem can be obtained via a
spatial Galerkin-type (displacement–based) projection of the simidiscrete (i.e. discrete in space
and continuous in time) problem into a finite dimensional subspace of admissible continuous
shape functions. Consequently, in the following sections one outlines the procedure for
solving the derived set of governing equations using the finite element method.

5.2.2 Backward-difference Time Discretization
In the proposed formulation the update of the constitutive equations largely follows the
time integration algorithm proposed by Peirce et al. (1984), which has been used in the context
of plasticity. The essence of the rate tangent modulus method is to approximate a function of
time in the interval, tn +θ ∈ [tn , tn +1 ] where θ ∈ [ 0,1] as follows:
Z n +θ = (1 − θ ) Z n + θ Z n +1

(5.5)

In the above equation, setting θ = 0 , one obtains the fully explicit Euler scheme, whereas
setting θ = 1 , one gets the fully implicit scheme. The trapezoidal method is obtained by setting

θ = 1 2 . Then it follows that at tn +θ = (n + θ )∆t the velocity and the acceleration, υ and υ ,
respectively, can be written as:

υ n +θ = (1 − θ )υ n + θυ n +1 ,

υ n +θ = (1 − θ )υ n + θυ n +1

(5.6)

By integrating according to the backward difference scheme and solving for un+1 in Eqs.(5.6),
one obtains:

υ n +1 =

1
1
1−θ
u − un ) − 2 υ n −
υ
2 ( n +1
θ ∆t
θ ∆t
θ n
2
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(5.7)

Substituting υ n+1 into the momentum equation, Eq.(5.1)1, one obtains:
*
LTτ n +1 + ρo bn+1
= ρo*un +1

(5.8)

having set

ρ* =

ρ
θ ∆t
2

2

,

1
1
⎛ 1−θ
⎞
bn*+1 = bn +1 + ⎜
υ n + 2 υ n + 2 2 un ⎟
θ ∆t
θ ∆t
⎝ θ
⎠

(5.9)

The above integration algorithm belongs to the popular class of time integrators termed the
Newmark β -method using the generalized mid-point rule algorithm (e.g. Hughes, 1987;
Zienkiewicz and Taylor, 1989).

5.2.3 Weak Form for the Momentum Equation
The nonlinear initial boundary value problem concerning the finite step ∆t must be solved
with an iterative scheme. For simplicity in the notation, in what follows the index n + 1 of the
time step has been omitted and the subscripts i and i + 1 refer to the iteration. Eqs.(5.1)-(5.4)
can be written at the i + 1 iteration of the current time step as follows:

LTτ i +1 + ρobi*+1 = ρ o*ui +1 in V;

ti +1 = τ i +1n on St

(5.10)

li +1 = ∇.υ i +1 = C υ i +1 in V

(5.11)

ui+1 = u on Su ; υ i+1 = υ on Sυ ;

(5.12)

A weak form of the equation of motion, Eq. (5.10)1, is obtained by setting:

∫ δυ ( L τ
T

T

i +1

+ ρo bi*+1 − ρ o*ui +1 ) dV = 0

(5.13)

V

where δ -symbol denotes the variation of a quantity and δυ is the spatial velocity test function
such that δυ = 0 on Sυ .
Making use of integration by parts, the divergence theorem, and the substitution of the
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natural boundary conditions (Eq.(5.10)2) and Eq.(5.11), Eq.(5.13) can then be expressed as
follows:

∫ δ ( Lυ )

T

V

τ i +1 dV + ∫ δυ T ρ o* ui +1 dV = ∫ δυ T ti +1 dS + ∫ δυ T ρ bi*+1 dV
V

St

(5.14)

V

One can then proceed as in the classical finite element method discretizing the displacement
field u in the updated Lagrangian configuration as follows:

x = N x e ; or u = N ue ; or υ = N υ e

(5.15)

where N = [ N1 ,..., N nnode ] is for k = 1,..., nnode and e = 1,..., nelem . The superscript e denotes
element values.
In the above, N are the displacement shape functions and contain continuous interpolation
functions of order Co . The vectors x e , ue , and υ e are the nodal spatial coordinates, nodal
displacements, and nodal velocities, respectively. Consequently, one obtains from the
kinematic relation, Eq.(5.11)1, the discretized form for the spatial velocity gradient, l , as
follows:

l = B ue ;

B = LN

(5.16)

where B is the strain-displacement matrix.
Using Eqs.(5.15) and (5.16) in Eq.(5.14) and requiring that the result is valid for any
admissible variation δυ e yields the following relation:

(

)

= − ∫ Β Tτ i +1 dV − ∫ ρ o* N T N dV uie+1 + ∫ N T ti +1 dS + ∫ ρ o N T bi*+1 dV
V

V

St

(5.17)

V

In writing Eq. (5.17) the standard matrix notations are used. By using the classical assembly
procedure for all elements, a highly nonlinear algebraic system is obtained. Its linearization
thanks to the iterative Newton-Raphson procedure leads to:
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+ K uu ∆ue = 0 , where K uu =

∂
∂u

(5.18)

To calculate the closed form of K uu it is necessary to differentiate each integral in Eq.(5.17)
with respect to the displacement. In fact, the evolution of K uu needs the computation of the
stress tensor which is obtained by numerical integration of the overall set of partial differential
equations. In order to do this, a return mapping algorithm is developed in the subsequent
section.

5.3 Numerical Integration of the Constitutive Model
Considering a given configuration of known set of positions X at time tn , the problem is
now to update all state variables to a new configuration defined by its respective set of
positions x (which are supposed to be known) at time tn +1 . This situation typically arises in a
nonlinear finite element problem where the new positions x are determined from the
discretized version of the momentum equation, Eq.(5.17).
In this section a new semi-implicit stress integration algorithm is developed. This stress
update algorithm treats the problems in a unified way. Moreover, in this work one extends this
algorithm to fully coupled plastic-damage constitutive equations with a two-step predictorcorrector structure: elastic predictor and coupled plastic-damage corrector. The different steps
of the integration algorithm are detailed below.
If the variables at iteration i , such as, φi , σ ij , , etc., are assumed to have been determined
and the values of d and ∆t are given, then τ i+1 that satisfies the discretized constitutive
equations can then be obtained. In the following, a elastic predictor and coupled plasticdamage corrector is proposed. In the first step, the elastic predictor problem is solved with
initial conditions that are the converged values of the previous iteration i while keeping
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irreversible variables frozen. This produces a trial stress state, σ tr , which, if outside the plastic
surface f and the damage surface g is taken as the initial conditions for the solution of the
plastic-damage corrector problem. The scope of this second step is to restore the generalized
consistency condition by returning back the trial stress to the plastic surface f and the damage
surface g simultaneously as conceptually represented in Fig.5.1.
However, one of the major challenges while integrating the constitutive equations in finite
deformation context is to achieve the incremental objectivity, i.e. to maintain correct rotational
transformation properties all along a finite time step. A procedure that has now become very
popular is first to rewrite the constitutive equations in a corotational moving frame. This
corotational frame can be generated in the following way. Given a skew-symmetric tensor,

W = −W T , (e.g. W = ω where ω is the spin tensor; W = RRT ; or the relative spin tenor
W = ω − RRT ). The rotation matrix is an orthogonal tensor i.e. that satisfies the relation:
=

T

=I

T

(5.19)

Differentiates the above equation with respect to time, one obtains:
T

W =

T

=−

+

T

T

(

=0

= −

(5.20)
T

)

T

=WT

(5.21)

Therefore, to ensure the orthogonality of the rotation matrix, one may generate a group of
rotations

, by solving for:

=W

with

( t = tn ) = 1

(5.22)

It is now possible to generate a change of frame from the fixed Cartesian reference axes to
the corresponding rotating axes (corotational axes). The Kirchhoff stress tensor τ can then be
transformed by

as:
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τc =

T

τ

(5.23)

Differentiating the above equation with respect to time, one obtains:

τc =

T

(τ − W τ + τ W )

=

T

∇

τ

(5.24)

∇

where τ = τ − W τ + τ W is a corotational objective rate of the Kirchhoff stress.
In the literature many objective rates are introduced, such as: Jaumann, Truesdell, and
Green-Naghdi rates. From Eq.(5.24) one can obtain the Jaumann rate if W = ω and the GreenNaghdi rate if W = R RT . Moreover, Eq.(5.24) indicates that a somewhat complicated
expression as an objective derivative becomes a rather simple time derivative under the
appropriate change of coordinates. This suggests that the entire theory and implementation will
take on canonically simpler forms if transformed to the

-system. In the corotational frame,

the rate of the corotational Kirchhoff stress is objective (frame-invariant), so that the stress rate
equation takes the simpler form:

τc =

c

(d

c

−d

vp

c

−d

vd

c

)− A φ
c

c

− β cT

(5.25)

∇

The second-order tensors d , φ , and β can then be rewritten in the unrotated frame as:

dc =

T

; φc =

d

T

∇

φ

; βc =

T

β

(5.26)

and A are also expressed in terms of the corotational components

The fourth-order tensors
as:
c

=

(

T

)

T

=

; Ac =

(

T

A

)

T

=A

(5.27)

5.4 Time Discretization of the Plastic-Damage Model
Time discretization and numerical integration procedures are presented. The procedure is
based on Lee and Fenves (2001). The generalized mid-point scheme and the non-linear
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version of the so called α -method (Hilber, et al., 1977) is used for integration.
The relation between damage stress stage and undamaged (effective) stage at step tn +1 is
given in the following form:
( n+1)

−1
σ ij = M ijkl
σ ij
n+1

n+1

(5.28)

where
( n+1)

−1
M ijkl

=

( n+1)
( n+1)
( n +1)
1⎡
+ ( n+1)
(δ im − sϕim+ )(δ jm − ϕ −jm )δ kl + δ ij (δ km − sϕkm
)(δ lm − sϕlm− ) ⎤
⎦
2⎣

It is noteworthy that that at the n − step , σ ij( n ) , ε

p( n )

(5.29)

, c ( n ) and ∆ε ij are known. Moreover, in the
( n+1)

−1
following subsequent sections, the updating of both σ ij( n +1) and M ijkl

is presented in Sections

5.4 and 5.5, respectively.

5.4.1 Effective (Undamaged) Elastic Predictor
Assuming that the variables of the model at iteration i and the displacement field
u = x n+1 − x n+1 at iteration n + 1 are known, the trial elastic stress can then be given in the

corotational frame by the following relation:

σ ijtr = Eijkl (ε kl( n +1) − ε klp ) =
(n)

= Eijkl (ε kl( n ) + ∆ε kl − ε klp )
(n)

= Eijkl (ε kl( n ) − ε klp ) + Eijkl ∆ε kl
(n)

(5.30)

= Eijkl ε kle + Eijkl ∆ε kl
(n)

= σ ij( n ) + Eijkl ∆ε kl
note that, σ ij( n ) is calculated from the previous step as it was mentioned earlier. The superscript
“tr” designates “trial”. If f (σ ijtr , cc( n ) ) < 0 then:

σ ij( n +1) = σ ijtr
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(5.31)

5.4.2 Smoothing of the Stress State at Yield Point
If the initial yield surface has been crossed during the initial trial stress increment, then a
smoothing step is necessary to find the stress state at the yielding point. This is shown
schematically in Figs. 5.1 and 5.2. If σ nc+1 denotes the stress state at the point where the
assumed stress path comes into contact with the initial yield surface, then one can write:

σ ijc

( n+1)

= σ ij( n ) + β ∆σ ijtr

0 ≤ β ≤1

(5.32)

where ∆σ ijtr = Eijkl ∆ε kl is the trial stress increment and β ∆σ ijtr is the portion of the stress
increment necessary to bring the trial stress state to the initial yield surface. In this, β ∆ε ij is
the proportion of the strain increment at which the plastic behavior is first encountered (i.e.
when f = 0 is reached). Now the condition f (σ ijc

( n +1)

) = 0 leads to a quadratic equation for the

determination of β . However, a simple approximate value of β can be obtained by a linear
interpolation in f (Nayak and Zienkiewicz, 1972), that is:

β =−
where f o = f (σ ij( n ) ) < 0 and f1 = f (σ ijtr

( n+1)

fo
f1 − f o

(5.33)

> 0 ). Sivakumar and Voyiadjis (1997) presented

another approach which is based on an implicit scheme for the stress response computation in
plasticity models.
Concrete material exhibits a linear behavior up to the proportional limit at point A, after
which the material is progressively weakened by internal micro-cracking up to the peak or
failure point D. The material behavior is considered to be elasto-plastic in curve AB which
basically says that if the material is unloaded from point B, there is some recovery in the

109

material such as crack closure. After point B, the material is totally under nonlinear, i.e.
plastic, deformation.

σ tr
E∆ ε p

∆ε

E

p

C
∆σ

B

∆σ c

σc

∆σ c = β∆σ
f = (σ ij( n ) + β ∆σ tr , c ( n ) )

E

σy
A

( n+1)

D

∆ε − ∆ε c
∆ε

p

∆ε e

∆ε c

σ (n)

∆ε

O

ε

Fig. 5.1 Elastic predictor-plastic corrector algorithm in the effective
(undamaged) configuration.
∆σ tr = E : ∆ε

(1 − β ) ∆σ tr

β∆σ tr

Correction

σ 33
σo

σc

σ

tr

f1 (Updated yield

σ1

σ 11

f o (Initial yield surface)

σ 22

Fig.5.2 Stress smoothing algorithm for an initially plastic point.
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5.4.3 Effective Plastic Corrector
On the other hand, if f (σ ijtr , cc( n ) ) > 0 , the Kuhn-Tucker loading/unloading conditions are
violated by the trial stress which now lies outside the effective plastic surface as shown in Fig.
5.1. Consistency, is restored through the classical return mapping algorithm. The plasticcorrector problem may then be stated as (the objective rates reduce to a simple time derivative
due to the fact that the global configuration is held fixed), such that the effective plastic
corrector is derived as follows:

σ ij( n +1) = σ ij( n ) + ∆σ ij
= σ ij( n ) + Eijkl ∆ε kle
= σ ij( n ) + Eijkl (∆ε kl − ∆ε klp )

(5.34)

= σ ijtr − Eijkl ∆ε klp

5.4.4 Effective Plasticity Consistency Condition
In this section, the plastic consistency condition (i.e., f = 0 ) is satisfied at the end of the
loading step for the effective (undamaged) case presented here. The Drucker-Prager flow rule
is used and presented below.
In the approach followed in this study, the consistency condition is transformed into a linear
set of equations that depends on the material parameters and on the current coordinates of the
integration points.
To compute ∆ε klp in Eq. (5.34) the generalized mid-point rule is used. The flow rule for
n + 1 step can be written as the following:

∆ε klp = ∆λ p

where

∂F
∂σ kl( n +1)

is given as the following:
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∂F
∂σ kl( n +1)

(5.35)

∂F
∂σ kl( n +1)

=

3 Skl( n +1)
+ α pδ kl
2 Sij( n +1)

(5.36)

where Aij = Aij Aij and λ p is the plastic multiplier or also known s Lagrangian Multiplier.
The elasticity tensor in the undamaged configuration is given by:
dev
Eijkl = 2GI ijkl
+ K δ ijδ kl

(5.37)

dev
where G and K are Lame’s constants and I ijkl
= δ ikδ jl − 13 δ ijδ kl .

By substituting Eq. (5.37) along with the identity tensor for the deviatoric case, one obtains
the updated effective stress by the return mapping equation as follows:
⎡
⎣

2
3

⎤
⎦

σ ij( n +1) = σ ijtr − ⎢ 2G∆ε ijp + ( K − G )∆ε kkpδ ij ⎥

(5.38)

where ∆ε kkp can now be obtained from Eqs. (5.35) and (5.36) as follows:
∆ε kkp = 3α p ∆λ p

(5.39)

By substituting Eqs. (5.35), (5.36), and (5.39) into Eq. (5.38), one obtains:
⎡

⎤
⎧⎪ 3 Sij( n +1)
⎫⎪
2
p
⎥
(
)(3
)
α
δ
α
λ
δ
K
G
+
+
−
∆
p ij ⎬
p
ij
( n +1)
2
3
S
⎥
ij
⎪⎩
⎭⎪
⎦

σ ij( n +1) = σ ijtr − ⎢ 2Gλ p ⎨
⎢
⎣

(5.40)

Expanding and then simplifying the above equation, one can obtain the following form:

σ

( n +1)
ij

⎡
⎤
Sij( n +1)
= σ − ∆λ ⎢ 6G ( n +1) + 3Kα pδ ij ⎥
Sij
⎢⎣
⎥⎦
tr
ij

p

(5.41)

In order to return radially to the yield surface, one can use the radial return algorithm
assumption such that:
Sij( n +1)
Sij( n +1)

=
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Sijtr
Sijtr

(5.42)

where Sijtr = σ ijtr − 13 σ kktr δ ij . Therefore, at step n + 1 , one can write the following expressions for
the deviatoric stress and the corresponding volumetric part, respectively:

Sij( n +1) = Sijtr − ∆λ p 6G

Sijtr
Sijtr

I1( n +1) = I1tr − 9∆λ p Kα p

(5.43)

(5.44)

Making use of the Euclidean norm of Eq.(5.43), the equation can be rewritten as follows:
Sij( n +1) = Sijtr − 6G∆λ p

(5.45)

5.4.5 General Return-Mapping Algorithm
According to the discrete version (Simo and Hughes., 1998) and the model of Lee and
Fenves (2001) along with conditions in Eq. (5.46) shown below, the state of the current time
step can be calculated in the trial elastic predictor:

λ≥0
f (σ ij , ε ijp ) ≤ 0

(5.46)

λ f (σ ij , ε ijp ) = 0
where ε ijp is the equivalent plastic strain rate.
In case the current step is calculated to be in the elastic state, then the trial stress is
admissible and it is accepted as the current effective (undamaged) stress for the current strain
value. Since the plastic strain and the damage variable do not change in this case,
consequently, there is no need to have an additional step to correct the plastic strain.
Accordingly, the effective stress and plastic strain at step n + 1 can be written as follows,
respectively:

σ ij( n +1) = σ ijtr
ε

p ( n+1)
ij

=ε
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( n+1)

p ( n+1)
ij

(5.47)

The elastic predictor corrector, σ ijtr

( n+1)

, step provides information about the state of the current

step and the eigenvectors of the effective stress. The eigenvectors of the current stress σ ij( n +1)
are similar to those of the effective stress since the scalar degradation damage is assumed.
If the current step is not an elastic state, then a change occurs in the plastic strain. In order
to calculate the effective stress with the plastic strain at the current time, iterations should be
done for the effective stress and damage variable in the plastic corrector step which was
presented such that:
− Eijkl ∆ε klp

(5.48)

The plastic corrector is included in the last part of the Eq. (5.34)
In each iteration the discrete version (Simo and Hughes., 1998) of the plastic consistency
condition is imposed as a constraint as follows:
f (σ ij( n +1) , ε ijep

( n+1)

)=0

(5.49)

5.4.6 Spectral Return-Mapping Algorithm
In this section a return-mapping algorithm based on a spectral decomposition of the stress is
presented. It is considered that, the spectral return-mapping algorithm has the advantage for a
yield function which includes principal stress terms in addition to the stress tensor invariants
(Lee and Fenves, 2001). For this work similar to the work that conducted by Fenves and Lee
(2001), a decoupled version of the return-mapping algorithm is derived using a spectral
decomposition. A second-order tensor is used for the stresses and strains.
The spectral decomposition of the stress at step n + 1 is given as follows:

σ ij( n +1) = lirσˆ rs( n +1)l js

(5.50)

Therefore one can write F (σ ij( n +1) ) = F (σˆ ij( n +1) ) .Note that the hat “^” designates the principal
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stresses. As a result, one can express the following expressions in terms of the principal values
as follows:
∆εˆijp = ∆λ p

∆ε ijp = ∆λ p lir

∂F
∂σˆ ij( n +1)

(5.51)

∂F
l js
∂σˆ ij( n +1)

(5.52)

By substituting Eqs. (5.39), (5.50), and (5.52) into Eq. (5.38), one can write the returnmapping equation in the following form:
⎡
⎤
2
∂F
p
lirσˆ rs( n +1)l js = σ ijtr − ⎢ 2G∆λ p lir
l
3(
K
G
)
+
−
∆
α
λ
δ
js
p
ij ⎥
3
∂σˆ ij( n +1)
⎢⎣
⎥⎦

(5.53)

and one can use the following relation for Kroneckar delta:

δ ij = lirδ rs l js

(5.54)

One can now substitute Eq. (5.54) into Eq. (5.53) in order to obtain the trial stress directly as
follows:
⎡
⎤
2
∂F
lirσˆ rs( n +1)l js = σ ijtr − ∆λ p lir ⎢ 2G
3(
K
G
)
+
−
α
δ
p ij ⎥ l js
ˆ ( n +1)
3
⎣⎢ ∂σ ij
⎦⎥

(5.55)

In the case the symmetric matrices have repeated eigenvalues then they do not have a unique
spectral decomposition form.
Therefore similar to Eq. (5.50) one can write the following relation:

σ ijtr = lirσˆ rstr l js

(5.56)

where σ ijtr is the diagonal eigenvalue matrix of the effective stress.
In Eq. (5.56) the orthogonal eigenvector matrix lij becomes an orthogonal eigenvector matrix
of the trial stress matrix according to the Lemma. This leads the decomposition from of
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σ ijtr (at step n + 1 ) as shown in the Eq. (5.56).
From Eq. (5.55) along with Eq. (5.56) one can write the decoupled form of the returnmapping equation as follows:
⎡

σˆ ij( n +1) = σˆ ijtr − ∆λ p ⎢ 2G
⎣⎢

⎤
2
∂F
3(
K
G
)
+
−
α
δ
p ij ⎥
3
∂σˆ ij( n +1)
⎦⎥

(5.57)

where the derivative of the potential function with respect to the principal stress is given as
follows:
ˆ ( n +1)
3 Sij
∂F
=
+ α pδ ij
2 Sˆ ( n +1)
∂σˆ ij( n +1)
ij

(5.58)

However, using Eq. (5.42), one can obtain the following expression:
⎡ ˆ tr 1 tr ⎤
ˆ tr
σ − I δ
3 Sij
3 ⎢ ij 3 1 ij ⎥
∂F
α
δ
=
+
=
⎢
⎥ + α pδ ij ⇒
p ij
ˆ
tr
2 Sˆ tr
2⎢
∂σˆ ij( n +1)
Sij
⎥
ij
⎣
⎦
⇒=

3
2

σˆ ijtr
Sˆijtr

⎛
1 3 I1tr
⎜
+ ⎜α p −
3 2 Sˆ tr
⎜
ij
⎝

⎞
⎟
⎟ δ ij
⎟
⎠

(5.59)

where I1tr = Iˆ1tr and Sijtr = Sˆijtr .
It should be noted that, the eigenvectors are preserved through the corrector steps which
basically means that the eigenvectors are calculated at the predictor step. The principal stress is
only needed to be computed at the plastic and degradation corrector steps.
Now, by substituting the final form of Eq. (5.59) into Eq. (5.57) one can obtain the
following form:
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⎡
σˆ ijtr ⎛
I tr
2
( n +1)
tr
p
ˆ
ˆ
G 1tr
σ ij = σ ij − ∆λ ⎢ 6 G tr + ⎜ 3Kα p −
⎜
3
Sij
Sij
⎢
⎝
⎣

⎞ ⎤
⎟ δ ij ⎥
⎟ ⎥
⎠ ⎦

(5.60)

( n +1)
tr
= σˆ max
, one can rewrite the above relation such that:
In order to obtain σˆ max

⎡

( n +1)
tr
σˆ max
= σˆ max
− ∆λ p ⎢ 6 G

⎢
⎣

tr
σˆ max

Sijtr

⎛
2
I tr
G 1tr
+ ⎜ 3K α p −
⎜
3
Sij
⎝

⎞⎤
⎟⎥
⎟⎥
⎠⎦

(5.61)

It should be noted that, if the plastic increment ∆εˆ p is obtained by a linear combination of

σˆ n +1 and I , e.g. for the Drucker-Prager model, the algebraic order of the effective
(undamaged) principal stresses is maintained at the corrector steps (Lee and Fenves, 2001).
This can be proven by checking the Eq.(5.61). The stress is obtained only by a scalar
multiplication and constant-vector addition on the trial stress. The order of the diagonal entries
therefore in the trial stress matrix cannot be changed. This argument, however, is not valid for
the case when the given yield criterion in Chapter 4, f , is used as a plastic potential function.
This means that if one takes the derivative with respect of the maximum stresses, σ̂ max , the
algebraic order in the eigenvalue matrix does not preserve the same order, i.e., the order
changes.

5.4.7 Explicit Integration Algorithm
f ( n +1) = f ( n ) +

∂f
∂f
∂f
∂f
∆σ ij +
∆σˆ max + − ∆κ − + + ∆κ + = 0
∂σ ij
∂κ
∂κ
∂σˆ max

(5.62)

∆σ ij = Eijkl ∆ε kle = Eijkl (∆ε kl − ∆ε klp )
= Eijkl ∆ε kl − Eijkl ∆λ p

∂F p
∂σ kl

2
⎡
⎤
= ∆σ ijtr − ⎢ 2G∆ε ijp + (κ − G )∆ε kkpδ ij ⎥
3
⎣
⎦
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(5.63)

Eq.(5.41) can be rewritten in terms of principal stresses as follows:
⎡
⎤
ˆ
S
⎢
⎥
ij
∆σˆ ij = ∆σˆ ijtr − ∆λ p ⎢ 6G
+ 3κα pδ ij ⎥
Sˆij
⎢
⎥
⎣
⎦

(5.64)

The above equation can be expanded making the use of Sˆij = σˆ ij − 13 σˆ ijδ ij such that:

⎡
⎤
(σˆ ijtr − 13 I1δ ij )
⎢
⎥
∆σˆ ij = ∆σˆ − ∆λ ⎢ 6G
+ 3κα pδ ij ⎥
ˆ
Sij
⎢
⎥
⎣
⎦
tr
ij

p

(5.65)

In terms of ∆σ̂ max Eq. (5.65) can be expressed as follows:

∆σˆ max = ∆σˆ

tr
max

⎡
⎤
tr
− 13 I1δ ij )
(σˆ max
⎢
⎥
− ∆λ ⎢ 6G
+ 3Kα pδ ij ⎥
Sˆij
⎢
⎥
⎣
⎦
p

(5.66)

The plastic damage parameter κ in case of tension and compression is expressed as follows:
∆κ − = −(1 − w)∆λ p

∆κ + = w∆λ p

∂F p
∂σˆ min

(5.67)

∂F p
∂σˆ max

(5.68)

Substituting Eqs.(5.66), (5.67) and (5.68) into Eq. (5.62), one can obtain the following
relation:
⎛
⎛
Sˆijtr ∂f
⎜ ( n ) ∂f
∂f
⎜
∂f
tr
tr
p
ˆ
∆σ ij +
∆σ max − ∆λ ⎜ 6G
+ 3κα pδ ij
⎜f +
tr
ˆ
∂σ ij
∂σ ijtr
∂σ max
Sˆijtr ∂σ ij
⎜
⎜
⎝
⎜
tr
⎜
⎡
(σˆ max
− 13 I1tr ) ∂f
∂f ⎤
⎜
G
6
+ 3κα p
+⎥
⎢
tr
tr
ˆ
tr
σ
σ
∂
∂
⎜
ij
ij
⎢
⎥
Sij
⎜ −∆λ p ⎢
⎥
⎜
p
p
⎢
⎥
∂f ∂F
∂f ∂F
⎜
w
+(1 − w) −
−
⎢
⎥
tr
tr
⎜
∂κ ∂σˆ min
∂κ + ∂σˆ max
⎣⎢
⎦⎥
⎝
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⎞⎞
⎟⎟
⎟⎟
⎟⎟
⎠⎟
⎟
⎟=0
⎟
⎟
⎟
⎟
⎟
⎠

(5.69)

Making few mathematical manipulation in Eq. (5.69) ∆λ p can be obtained as follows:

f (n) +
∆λ p =

∂f
∂f
∆σ ijtr +
∆σˆ max
∂σ ij
∂σˆ max
H

(5.70)

where
⎡
⎤
Sˆijtr ∂f
∂f
⎢ 6G
⎥
3
κα
δ
+
+
p ij
tr
tr
ˆ
tr ∂σ
σ
∂
⎢
⎥
ij
ij
Sij
⎢
⎥
⎢
⎥
1 tr
tr
ˆ
(σ max − 3 I1 ) ∂f
∂f ⎥
⎢
H = + 6G
+ 3κα p
+
tr
tr
⎢
⎥
ˆ
tr
σ
σ
∂
∂
ij
ij
Sij
⎢
⎥
⎢
⎥
p
p
⎢ + (1 − w) ∂f ∂F − w ∂f ∂F
⎥
tr
tr
⎢
⎥
∂κ − ∂σˆ min
∂κ + ∂σˆ max
⎢⎣
⎥⎦
In Eq. (5.71)

(5.71)

∂F p ∂F p
are defined as follows:
tr
tr
∂σˆ min
∂σˆ max
1 tr
tr
3 (σˆ min − 3 I1 )
∂F p
αp
=
G
tr
2
∂σˆ min
Sˆ tr

(5.72)

1 tr
tr
3 (σˆ max − 3 I1 )
∂F p
=
G
αp
tr
ˆ
tr
2
∂σˆ max
S

(5.73)

ij

ij

One can simplify Eq. (5.71) and obtain the following the expression:
∂f ∂F p
∂f ∂F p
H = 3G + 9κα pα + β z1 + (1 − w) −
−w +
tr
tr
∂κ ∂σˆ min
∂κ ∂σˆ max

(5.74)

where
⎡
σˆ tr
2 I1tr
⎢
z1 = ⎢ 6G max + 3κα p +
G
ˆ
tr
3
Sij
Sˆijtr
⎢
⎣
Expressions for

⎤
⎥
⎥
⎥
⎦

∂f
∂f
and
are given as follows, respectively:
−
∂κ
∂κ +

119

(5.75)

∂f
E− (1 − α )
−
ˆ
= −E (1 − α ) + 〈σ max 〉
∂κ −
c+
1⎤
⎡
= − E− ⎢1 − 〈σˆ max 〉 + ⎥ (1 − α )
c ⎦
⎣

(5.76)

−
+
∂f
ˆ max 〉 c (1 − α )E
=
〈
σ
∂κ +
(c + ) 2

(5.77)

In order to include nonlinear compressive plasticity in the expression

∂f
Eq. (5.76) is
∂κ −

modified such that:
〈σˆ max 〉
∂f
−
−
(1
)
Q
b
exp(
b
)
(1 − α ) ⎡⎣Q −b exp(bκ − ) ⎤⎦
=
−
−
+
α
κ
(
)
−
+
c
∂κ
⎡ 〈σˆ 〉 ⎤
= −(1 − α ) ( Q −b exp(bκ − ) ) ⎢1 − max
⎥
c+ ⎦
⎣

(5.78)

5.4.8 Updating of the Effective (Undamaged) Stress Tensor
Using the spectral form of the effective principal stress in Eq.(5.60), an explicit radial
return-mapping algorithm is shown in order to evaluate the plastic multiplier, λ p .
From the effective consistency condition, one can write the following relation at n + 1
step:
f ( n +1) = f ( n ) + ∆f

(5.79)

( n +1)
f ( n +1) = 3 J 2( n +1) + α I1( n +1) − β ( n +1)σˆ max
− (1 − α )cc( n +1) = 0

(5.80)

( n +1)
) β ( n +1)
β ( n +1) = H (σˆ max

(5.81)

where

and

H (σˆ ij ) is given in chapter 4, Eqs. 4.35 and 4.36.
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Substituting Eqs. (5.43), (5.44), (5.45), and (5.61) into Eq. (5.80) along with Eq. (5.81),and
noting that

3 J 2( n +1) = 3 Sij( n +1) , one obtains the following form:

(

)

3 Sijtr − 3 ∆λ p 6 G + α I1tr − 9∆λ p Kα pα

⎡
⎛
σˆ tr
2
I1tr
tr
⎜
− β ( n +1)σˆ max
− β ( n +1) ∆λ p ⎢ 6 G max
+
−
K
α
G
3
p
3
Sijtr ⎜⎝
Sijtr
⎢
⎣
−(1 − α )cc( n +1) = 0

⎞⎤
⎟⎥
⎟⎥
⎠⎦

(5.82)

The expression for cc at n + 1 step is given as follows:
cc( n +1) = cc( n ) + ∆cc = cc( n ) +

∂cc
∆λ p
∂ε ep

(5.83)

where ε ep is the equivalent plastic strain.
One can simplify Eq. (5.82) by making use of Eq. (5.83) and obtain the following form:
f tr − 3 2 ∆λ p G − 9 Kα pα∆λ p − β ( n +1) Z ∆λ p − (1 − α )

∂cc
∆λ p = 0
ep
∂ε

(5.84)

By solving the above equation for the plastic multiplier (Lagrangian Multiplier), ∆λ p , one
obtains the following relation:
∆λ =

f tr

p

3 2 p G + 9 Kα pα + β ( n +1) Z ∆λ p + (1 − α )

∂cc
∂ε ep

(5.85)

where
tr
f tr = 3 Sijtr + α I1tr − β ( n +1)σˆ max
− (1 − α )cc( n )

(5.86)

and
Z = 6G

σˆ tr
Sijtr

⎛
I tr
2
+ ⎜ 3K α p −
G 1tr
⎜
3
Sij
⎝
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⎞
⎟
⎟
⎠

(5.87)

It should be noted that, in the case of the Drucker-Prager potential function, a singular region
occur near the cone tip unless α p = 0 . The reason of the occurrence of the singular region is
that any trial stress that belongs to the singular region cannot be mapped back to a returning
point on the given yield surface.

5.5 Damage Lagrangian Multiplier
5.5.1 Introduction
The damage Lagrangian multiplier known as the damage multiplier is obtained using
consistency condition. In this work two different damage multipliers are adopted for both
tension and compression. In the following section, the definition of the tensile damage
multiplier is presented using the so called Tensile Damage Consistency Condition (TDCC) and
in the subsequent section, the damage multiplier for compression is obtained using so called
Compressive Damage Consistency Condition (CDCC). As it was used and mentioned
previously, the superscripts (+) and (-) designate tension and compression loading.

5.5.2 Tensile Damage Consistency Condition (TDCC)
The following expression for damage is given:
g+

( i +1)

= g + + ∆g + = 0
(i )

(5.88)

where g is the damage surface function and ∆g + is the increment of the tension damage
surface function after an increment is calculated and it is obtained as follows:
∆g + =

∂g +
∂g +
+
∆
Y
+
∆K +
ij
+
+
∂Yij
∂K

where K is the isotropic hardening and ∆K the corresponding increment.
The incremental value of the damage yield surface is given such that:
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(5.89)

∂Yik+
∂Yik+
+
∆Y =
∆σ kl + + ∆ϕ kl+
+
∂σ kl
∂ϕ kl
+
ij

(5.90)

where ∆ϕ kl+ is given as follows:
∂g +
∂Ykl+

∆ϕ kl+ = ∆λd+

(5.91)

In order to proceed further in the derivations, the following expression which was already
previously obtained is presented for tension:
+

−1
σ kl+ = M klrs
σ rs+

(5.92)

and
+

+

−1
−1
∆σ kl+ = ∆M klrs
σ rs+ + M klrs
∆σ rs+

(5.93)

+

∆M

−1
∂M klrs
+
=
∆ϕ mn
+
∂ϕ mn

−1+
klrs

(5.94)

Substituting Eq. (5.94) into Eq. (5.93) one obtains the following relation:
+

−1
∂M klrs
+
−1+
∆σ =
∆ϕmn
∆σ rs+
σ rs+ + M klrs
+
∂ϕmn
+
kl

(5.95)

By substituting Eqs. (5.95) and (5.91) into Eq. (5.90), one obtains the following incremental
expression for the conjugate damage form due to tension:
−1
∂Y + ∂M klrs
∂Yij+ −1+
∂Yij+ ∂g
+
+ ∂g
+
∆Y = ij+
∆
+
M
∆
+
∆λd+
σ
λ
σ
rs
d
klrs
rs
+
+
+
+
+
∂σ kl ∂ϕ kl
∂Ymn ∂σ kl
∂ϕkl ∂Ykl
+

+
ij

(5.96)

By substituting the above expression into Eq. (5.89) and noticing that:

∂K +
∂K +
+
∆K =
∆λ =
∆λ +
+
+
∂λ
∂ϕe
+

such that λ + = ϕeq+ = ϕij+ϕij+ , then one can write the following relation:
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(5.97)

+
+
−1
+
∂g + ∂Yij ∂M klrs
∂g + ∂Yij
+ ∂g
+
−1
σ rs + ∆λd + +
∆g = +
M klrs
∆σ rs +
+
∂Yij ∂σ kl+ ∂ϕmn
∂Ymn
∂Yij ∂σ kl+
+

+

(5.98)

+
∂g + ∂Yij ∂g +
∂g + ∂K +
+
+ +
∆
+
∆λd+
λ
d
∂Yij ∂ϕ kl+ ∂Ykl+
∂K + ∂ϕe+

Substituting the above equation into Eq. (5.88), one obtains the following relation:
(g

+( i )

∆λ = −
+
d

+
∂g + ∂Yij
−1+
+ +
M klrs
∆σ rs+ )
+
∂Yij ∂σ ij

(5.99)

H d+

where H d+ is the tensile damage hardening modulus and is given as follows:
+
+
−1
+
∂g + ∂Yij ∂M klrs
∂g + ∂Yij ∂g + ∂g + ∂K +
+ ∂g
H =
+
+
σ
rs
+
∂Yij+ ∂σ kl+ ∂ϕ mn
∂Ymn+ ∂Yij+ ∂ϕkl+ ∂Ykl+ ∂K + ∂ϕe+
+

+
d

(5.100)

where
+
+
∂g + J ijklY jl
=
∂Yij+
2Yeff+

where Yeff+ =

(5.101)

∂g +
∂K +
1 + +
Ykl LklmnYkl+ ,
=
−
1
,
= a + , and a is a constant. The fourth order
∂K +
∂ϕe+
2

Lijkl is given similar to that in Chapter 3 (Eq.3.21), as follows:
Lijkl = ηδ ijδ kl + (1 − µ ) I ijkl
From Chapter 4, Eq. 4.72, it was shown that, the damage force can be written in the
following form:
+

−1
∂M ijpq
1
−1
+
Y = − σ ab+ Eabij
σ pq
+
∂ϕrs
2
+
rs

and
∂Yij+

∂Yij+ ∂σ mn
=
+
∂σ kl+ ∂σ mn
∂σ kl+
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(5.102)

However, one observes that σ mn = M mnrsσ rs , and therefore:
∂σ mn
= M mnkl
∂σ kl+

(5.103)

The first part of the right side of Eq. (5.102) is given by:
∂Yij+
+
∂σ mn

+

+

−1
−1
∂M urpq
1
1 + −1 ∂M urpq
−1
+
= − δ maδ nb Eabur
−
E
σ
σ
δ pmδ qn
pq
ab abur
∂ϕij+
∂ϕij+
2
2

(5.104)

Simplifying the above expression one gets:
∂Yij+
+
∂σ mn

+

−1
−1
1 −1 ∂M urpq + 1 + −1 ∂M urmn
σ pq − σ ab Eabur
= − Emnur
2
2
∂ϕij+
∂ϕij+
+

(5.105)

The third relation of the right side of Eq.4.71, Chapter 4, is given in the form of the sixth order
tensor. It is adopted as presented in the work of Abu Al-Rub and Voyiadjis (2003) and
Voyiadjis and Abu Al-Rub (2006):
+

−1
∂M klrs
= − Lklrsmn
+
∂ϕ mn

(5.106)

where
Lklrsmn =

1
(δ ksδ lmδ rs + δ klδ rmδ sn )
2

The derivative of the damage force with respect to the damage parameter is to equal zero:
∂Yij+
∂ϕ kl+

=0

(5.107)

5.5.3 Compression Damage Consistency Condition (CDCC)
For compression damage the consistency condition is obtained using the same procedure
that is used in the above section for tensile damage. Therefore, not all derivations are shown
explicitly in this section. The following relation is presented for the damage surface:
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g−

( i +1)

= g − + ∆g − = 0
(i )

(5.108)

Using similar procedure as in the previous section one obtains the expression for the plastic
multiplier for compression such that:
(g − +
(i)

∆λd− = −

−
∂g − ∂Yij
−1−
M klrs
∆σ rs− )
∂Yij− ∂σ ij−

H d−

(5.109)

where H d− is the compression damage hardening modulus and is given as follows:
−
−
−1
−
∂g − ∂Yij ∂M klrs
∂g − ∂Yij ∂g − ∂g − ∂K −
− ∂g
σ rs − + −
H = −
+
−
∂Yij ∂σ kl− ∂ϕmn
∂Ymn ∂Yij ∂ϕ kl− ∂Ykl− ∂K − ∂ϕe−
−

−
d
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(5.110)

Chapter 6 Numerical Results
In this chapter several numerical examples are presented. Results are shown for both
uniaxial and biaxial tension and compression loadings. Normal strength concrete (NSC) and
high strength concrete (HSC) are considered. The material parameters are shown in Table 6.1.
Finite element formulations are implemented in a user subroutine “UMAT” and then executed
using advance finite element program “ABAQUS”. Results are compared to experimental
data.

6.1 Uniaxial and Biaxial Loading
In this example both uniaxial and biaxial loadings are considered. Normal and high strength
concrete is used. The results are compared to the experiments conducted by Karsan and Jirsa
(1969) for uniaxial compression, Gopalaratnam and Shah 1985 for uniaxial tension Kupfer et
al. (1969) for biaxial tension and compression for normal strength of concrete, and Li and
Ansari (1999) for high strength concrete. Load directions are shown in Fig. 6.1. In the
numerical simulations, displacement control is used. The material parameters for normal and
high strength concrete are shown in table 6.1.
Table 6.1 Average Mechanical Properties of NSC and HSC
Material

NSC

HSC06

HSC15

fc, MPa

27.6

47.23

107.3

ft, MPa

3.48

3.1

5.63

E0, MPa

31.7x103

40.7x103

64.1x103

ν

0.2

0.16

0.15
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200 mm

200 mm

a)

b)

d)

c)

Fig. 6.1 Uniaxial (a-tension, c-compression) and Biaxial (b- tension,
d- compression) loading for NSC and HSC
Simulations are performed using one step and 100 iterations for normal and high strength
concrete. Convergence is obtained quickly. First, normal strength concrete (NSC) results are
studied, second, high strength concrete (HSC) results are studied and then the results for both
NSC and HSC are compared.
Numerical results show good agreement between the stress-strain curve for the NSC
compared to the experimental results as shown in Figs 6.2 and 6.6. Damage versus strain
evaluation is also shown for the uniaxial tension Fig. 6.3, uniaxial compression Fig. 6.4,
biaxial tension Fig. 6.7 and biaxial compression Fig. 6.8.
It should be noted that two types of graphs are used in order to represent the damage
behavior under tensile and compressive loading for both NSC and HSC. In the first type of
graphs the strain versus damage evolution is represented in Figs. 6.3(a), 6.4(a), 6.5(a), 6.7(a)
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and others. In the second type of graphs the damage versus strain is represented in Figs. 6.3(b),
6.4(b), 6.5(b), 6.7(b) and others. The aim is mainly to show the damage from different
perspectives so that a reader can choose the convenient representation of the damage for their
respective applications. Comparisons are made between uniaxial tensile damage versus
uniaxial compressive damage in Fig. 6.5, uniaxial tensile damage versus biaxial tensile
damage in Fig. 6.9, uniaxial compressive versus biaxial compressive damage in Fig. 6.10, and
uniaxial tension-compression versus biaxial tension-compression in Fig. 6.12. Comparisons
are shown in order to have a better concept and understanding of the damage evolution for the
different cases in compression and tension loadings.
Maximum damage in uniaxial tensile case is about 0.88 which corresponds to a strain of 0.6
x 10-3 (Fig. 6.3). In the case of uniaxial compression the maximum damage is around 0.62 and
the corresponding strain is 5 x 10-3 (Fig. 6.4). As expected the material under compressive
loading damages less and sustains more load than under tensile loading since concrete material
is weaker under tensile loadings. Maximum biaxial compression damage is around 0.75 with a
strain of 7x10-3 (Fig. 6.8), and maximum biaxial tensile damage is around 0.65 with a strain of
0.7x10-3 (Fig. 6.7). Damage values for the biaxial compression and tensile loadings show that,
in biaxial compressive loading the material sustain more strains and as a result of that, higher
value of damage occur than in the corresponding biaxial tensile loading. Biaxial tensile loading
has lower values of damage than the biaxial compressive loading. Since concrete material has
lower tensile strength than compressive strength, therefore concrete does not need a high value
of damage and long period of loading in tension for it to break (or the material damages under
less time and small damage value).This can be observed in Fig. 6.11. From this figure it is
clear that in compression the material sustains more loads (higher carrying load capacity) than
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in tension. It can also be seen from comparison between biaxial tensile damage and biaxial
compressive damage (Fig. 6.11), that in compression the material behavior is more ductile, or
in other words, concrete material is very brittle under tensile loading. The same behavior of
concrete is also observed in comparison between uniaxial compressive loading and uniaxial
tensile loading as seen in Fig. 6.5.
It is noteworthy to compare uniaxial tensile damage to biaxial tensile damage (Fig. 6.9),
and uniaxial compressive damage to biaxial compressive damage (Fig. 6.10). Since in tension
concrete is weaker and has low carrying load capacity, therefore in uniaxial tension the
material requires more damage to fail than in biaxial tension. Therefore the value for uniaxial
tensile damage is higher than the corresponding biaxial tensile damage by approximately 0.17
as shown in Fig. 6.9. This situation is understandable since in simple uniaxial tensile test one
would apply a load in any of the weak direction (Fig 6.1(a)), either vertical or horizontal, of
the material whereas in the two-dimensional (2-D) problem the load applied in both and
horizontal direction. Hence when a load is applied in both weak direction of a concrete
material (Fig. 6.1(b)), the amount of the damage required to fail the material would be lesser.
Contrary to this, another interesting point can be concluded from Figs 6.4, 6.8, 6.10 and 6.12
that in uniaxial compression concrete material yield point is less than the corresponding biaxial
compression. As mentioned earlier the difference in damage amount between uniaxial and
biaxial compression is approximately 0.13 (Fig. 6.10). That is to reach the failure point in
biaxial compression, the material damage amount is 0.13 more than the corresponding one in
uniaxial compression loading. Basically what it implies is that a material needs a higher value
of damage to reach failure in biaxial compression than in uniaxial compression. In biaxial
compression the damage in material occurs due to crushing of the material.
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For uniaxial tension-compression and biaxial tension-compression, the results indicated
very good agreement with the experiments (Figs. 6.2 and 6.6).

b)

a)

Fig. 6.2 Stress-Strain curve for uniaxial loadings for NSC: a-tensile;
b-compressive

a)

a)

b)
Fig. 6.3 Damage in uniaxial tensile loading for NSC: a- strain vs. damage
b- damage vs. strain

b)
Fig. 6.4 Damage in uniaxial compressive loading for NSC:
a- strain vs damage; b- damage vs. strain
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a)

b)
Fig. 6.5 Damage in uniaxial compressive and tensile loading for NSC:
a- strain vs. damage; b- damage vs. strain

2

1

1- Present Model – NSC
2- Experimental - NSC

a)

b)
Fig. 6.6 Stress-Strain curve for biaxial loading: a- tensile, b-compressive

a)

b)
Fig. 6.7 Damage in biaxial tensile loading for NSC: a- strain vs. damage
b- damage vs. strain
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a)

b)
a) loading for NSC:
Fig. 6.8 Damage in biaxial compressive
a- strain vs. damage, b-damage vs. strain

Fig. 6.9 Damage in uniaxial vs. biaxial tensile loading for NSC
a- strain vs. damage, b- damage vs. strain

a)

b)
Fig. 6.10 Damage in uniaxial compressive and biaxial compressive loading
for NSC; a- strain vs. damage, b- damage vs. strain

133

b)

a)

Fig. 6.11 Damage in biaxial compressive and biaxial tensile loading for NSC
a- Strain vs. Damage, b- Damage vs. Strain

b)

a)

Fig. 6.12 Damage in uniaxial and biaxial loading for both tension and
compression for NSC a- strain vs. damage, b- damage vs. strain

In the following, numerical results with comparisons to experiments for high strength
concrete are presented. Two kind of high strength concrete are compared, HS06 and HS15.
Material parameters for these materials are given in Table 6.1.
The behavior in tension for both HS06 and HS15 show very good agreement with the
experiments as indicated in Figs. 6.13(a), 6.14(a), and 6.15(a). For compression loadings, the
numerical simulations also compare well with the experimental results; nevertheless, it is clear
that in the softening region there is a little discrepancy in the behavior of concrete as obtained
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from the numerical results when compared to the experimental results (Figs. 6.13(b), 6.14(b),
and 6.15(b)). It is clear that the model needs to be improved to get a closer behavior of
concrete with the experimental results in the compression softening regime.
The brittle behavior of concrete can be observed clearer in Figs. 6.13(b), 6.14(b), 6.15(b).
By comparing HS06 to HS15 for the compression loading, the brittle behavior of concrete
seems to increase with the increase of the compressive strength, fc. In other words, the stronger
the concrete the more the brittle behavior of concrete is observed. One can also conclude that
the lower the strength in concrete the more ductility is observed in concrete for the
compression loading as seen in Figs. 6.13(b), 6.14(b) and 6.15(b).

a)

b)
Fig. 6.13 Stress-Strain curve for uniaxial loadings for HS06: a-tensile;
b- compressive

b)

a)

Fig. 6.14 Stress-Strain curve for uniaxial loadings for HS15: a-tensile;
b- compressive
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b)

a)

Fig. 6.15 Stress-Strain curve for uniaxial loadings HS06 vs. HS15: a-tensile;
b- compressive

Analyzing the behavior of concrete for NSC and HSC in tension and compression loadings,
it becomes more imperative to study the concrete material behavior. Therefore the different
behaviors of NSC and HSC are also studied as shown in Fig. 6.16. As it was mentioned
previously concrete in compression at high strength exhibits more brittleness in the softening
regime. It is clear from Fig. 6.16(b) that HS15 which has the highest compressive strength
compared to HS06 and NSC shows less ductility in the softening region. This behavior is
similar to the experimental results which validate the effectiveness of the model that is
presented here. Concrete behavior under tensile loading for all of the following types of
concrete NSC, HS06, and HS15 is similar as indicated in Fig. 6.16(a). Basically, once the
elastic limit is reached under tensile loading, the concrete can sustain very low load-strain
which can be concluded from Fig. 6.16(a). This fact is primarily due to the weakness of plain
concrete in tension.
Damage evolution for tension in HS06 and HS15 are respectively shown in Figs. 6.17 and
6.18, and comparisons between them and NSC are also represented in Fig.6.19. For the
compression case the damage evolution in HS06 and HS15, and NSC is presented in Figs. 6.20
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and 6.21 respectively. Comparisons between HS06 and HS15 are also shown in Fig. 6.22.
From Fig. 6.22, it is clear that the strain value of HS15 is higher than HS06 and the damage
evolution has a sudden change in orientation to the vertical direction which is explained by the
brittle behavior of HS15. The HS06 damage direction is more of a continues line. The same
behavior of concrete also was observed previously in NSC.
Damage in HS06 and HS15 grows in a similar manner in uniaxial tension with the increase
of strain as shown in Figs. 6.18 and 6.19. It can be observed that the difference between HS15
and HS06 is in the tensile strength ft. The amount of strain that NSC sustains is less compare to
HS06 and HS15 which can be easily seen in Figs. 6.22 and 6.24.

b)

a)

Fig. 6.16 Stress-Strain curve for uniaxial loadings for NSC, HS06 vs. HS15:
a- tensile; b- compressive

b)

a)

Fig. 6.17 Damage in uniaxial tensile loading for HS06: a- strain vs. damage
b- damage vs. strain
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b)
a)
Fig. 6.18 Damage in uniaxial tensile loading HS06 vs. HS15: a- strain vs. damage
b- damage vs. strain

b)

a)

Fig. 6.19 Damage comparison in uniaxial tensile loading for HS06, HS15 and NSC
a- strain vs. damage; b- damage vs. strain

b)

a)

Fig. 6.20 Damage in uniaxial compressive loading for HS06: a- strain vs. damage
b- damage vs. strain

138

a)

b)
Fig. 6.21 Damage in uniaxial compressive loading for HS15: a- strain vs. damage
b- damage vs. strain

b)

a)

Fig. 6.22 Damage comparison in uniaxial compressive loading for HS06 and HS15:
a- strain vs. damage; b- damage vs. strain

Now by comparing Figs. 6.8 and 6.22, one can observe the difference in damage evolution
between the normal strength concrete and the high strength concrete (see Fig. 6.23). It is clear
that, there is an increase in the strain with the increase of material strength. From Figs. 6.8 and
6.22 it can also be seen that the damage initiation begins at higher strain with the increase of
material strength which also can be observed easily in the comparison that is conducted
between NSC and HSC in Fig.6.23.
Damage behavior of concrete in uniaxial and biaxial tension and uniaxial and biaxial
compression for NSC and HSC is shown in Figs. 6.24 and 6.25 respectively, along with the
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respective comparisons between the two. The comparisons between them are shown in Fig.
6.24, 6.25 and 6.26.

a)

b)
Fig. 6.23 Damage comparison in uniaxial compressive loading for HS06,
HS15 and NSC: a- strain vs. damage; b- damage vs. strain

Fig.6.26 shows the summary of the work that is done in this section. One can easily
interpret the damage behavior of concrete material for NSC and HSC by studying those
figures. The material damage behavior is as expected. In compression the material attains
higher value of strain than in tension as shown in Figs. 6.5, 6.11, 6.12 and 6.26. As was
concluded previously, in uniaxial compression high strength concrete HS15 shows more brittle
behavior than HS06. This is clearly shown in Figs. 6.22, 6.25, and 6.26. It is also interesting to
observe the same behavior of HS15 when compared to uniaxial HS06 and biaxial NSC (see
Fig. 6.126). Based on these arguments, it is likely that the in case when a stronger concrete
than HS15 is used such as HS06 and NSC, then the concrete would show even a more brittle
behavior than what HS15 is displayed. This behavior can be related to the characteristic
behavior of plain concrete which only sustain mostly compressive loads. Certainly, reinforce
concrete would not show the same behavior, since the reinforcement (steel bars) would carry
the tensile load and increase the ductile behavior of concrete.
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a)

b)
Fig. 6.24 Damage comparison in uniaxial-biaxial tensile loading for HS06,
HS15 and NSC: a- strain vs. damage; b- damage vs. strain
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a)

b)
Fig. 6.25 Damage comparison in uniaxial-biaxial compressive loading for HS06,
HS15 and NSC: a- strain vs. damage; b- damage vs. strain
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a)

b)
Fig. 6.26 Damage comparison in uniaxial-biaxial tension-compression for HS06,
HS15 and NSC: a- strain vs. damage; b- damage vs. strain
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In conclusion, it can be said that all numerical results of the proposed model in uniaxial and
biaxial tension and compression simulations show very good agreement with the experimental
results. All the interpretations that were concluded previously from the numerical results are,
generally, fundamentally based and are anticipated from experimental observations for which
therefore one can say that these results validate the present model. This concludes this part of
the numerical simulations of the proposed model.

6.2 Single Edge Beam Example
A single edge beam example is run to simulate the beam behavior. Experimental data are
obtained from Malvar and Warren (1988). The dimensions of the beam are shown in Fig. 6.27.
The following material parameters are used: Young’s modulus E0=21700 MPa, compressive
strength fc=29 MPa, tensile strength ft=2.4 MPa, Poisson ratio v = 0.2 , α p = 0.2 , and the

fracture energy Gt=0.03 N/mm. The beam has a square-cross section. Displacement (u) control
is used in the problem as the applied loading. The beam is meshed using ABAQUS. Four-node
elements are used. Two kind of meshes are used; coarse mesh (CM) and dense mesh (DM).
The comparisons between those two meshes are also shown in Figs. 6.65
For coarse and dense mesh of the beam, the damage evolution is shown separately for
different displacements with their corresponding mesh deformation in sections 6.2.1 and 6.2.2
respectively. All displacements for both coarse and dense mesh are represented with unit
“mm”. For the dense mesh, the amount of the damage evolution versus mesh-deformation is
shown for the whole beam as well as magnified (zoomed in) portion (section-a of Fig. 6.28
(b)). This is because the mesh deformation in the whole beam might appear to be not very
clear. In the coarse mesh the magnified results of the beam for both damage evolution and
mesh deformation are not necessary because one can easily distinguish the results for different
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displacements. The dense and coarse meshes of the beam are shown in Fig. 6.28. Since the
beam is symmetric, only half part (left part) is considered in the numerical simulations as
shown in Figs. 6.28 (a) and 6.28(b)). This helps to cutting down the running time of the
problem. In all figures, the damage variable for each displacement is represented under the title
“SDV20”.Displacement under which damage initiation occurred is also shown separately with
the corresponding deformed mesh ( Figs. 6.32, 6.44, and 6.55).
P

102
51

102

P/2

P/2
394

394

Fig. 6.27 Single-edge and three-point-bending notched beam.
All dimensions are in (mm)

a)

b)

section-a

Fig. 6.28 Single-edge-notched beam. Finite element mesh: a) coarse, b) dense
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6.2.1 Analysis for the Symmetric Beam with a Coarse Mesh
Beam analyze is done using coarse mesh. Overall result of load vs. deflection shows a good
agreement between experimental and numerical results as shown in Fig. 6.29. From this
figure, it is clear that, to capture the behavior of that material in softening region still presents
a challenge. One also should keep in mind that, capturing the softening behavior requires more
accurate material parameters which is always a challenging part of any numerical model.

1000
900
Coarse Mesh

800

Experiment

700
Load (N)

600
500
400
300
200
100
0
0

0.1

0.2

0.3

0.4

0.5

0.6

Displacement

Fig. 6.29 Three-point notched beam (CM).Comparison of load vs. deflection
In the following, the damage evolution for different displacement (u), units are in “mm”, is
shown for coarse mesh (Figs. 6.31 - 6.42). For each displacement the damage evolution versus
mesh-deformation is shown for the whole beam as well as a portion that is magnified (zoomed
in) version (section-a of Fig. 6.28 (b)) of the beam in order to give a general idea about beam
behavior and numerical results.
Damage initiates at a displacement (u) of 0.09 as shown in Fig. 6.32. For this displacement
the corresponding damage value is around 1.93x10-2. One should notice that for displacements
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smaller than 0.09 this does not impy necessarily that there is no damage or deformation in the
beam. For example as shown in Fig. 6.33, there is no damage value for the displacement of
u=0.05, however, a small deformation is observed. It is assumed that for the deformation of
u=0.05, the material behaves elastically which basically means that if one to unload the beam,

the beam would return to the initial (effective) configuration. One may conclude that plasticity
in the beam begins as soon as damage initiates in the beam. For a displacement of 0.09 it may
seem to be a relatively small value to have an effect on the beam deformation. The may
therefore be another reason to conclude for plain concrete, a small displacement (or strain) is
enough to initiate the beam to deform a nonlinearly. One should also note that, by increasing
the strength of concrete, the corresponding displacement (strain) that is needed to deform the
material would also be higher. Consequently, the stronger the concrete is, the more strain it can
sustain. However, in this case, it should be recalled from section 6.2 that increasing the
strength of concrete causes more brittle behavior in concrete.

Fig.6.30 Three-point notched beam (CM). Coarse mesh: Deformed vs. undeformed.

Fig. 6.31 Three-point notched beam (CM). Damage evolution at u=0.0
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a)

b)
Fig. 6.32 Three-point notched beam (CM). Damage initiation at u=0.09;
a) damage evolution, b) deformed mesh

a)

b)
Fig. 6.33 Three-point notched beam (CM). Displacement at u=0.05;
a) damage evolution; b) deformed mesh
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a)

b)
Fig. 6.34 Three-point notched beam (CM). Displacement at u=0.1;
a) damage evolution; b) deformed mesh

a)

b)
Fig. 6.35 Three-point notched beam (CM). Displacement at u=0.15;
a) damage evolution; b) deformed mesh
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a)

b)
Fig. 6.36 Three-point notched beam (CM).Displacement at u=0.2;
a) damage evolution; b) deformed mesh

a)

b)
Fig. 6.37 Three-point notched beam (CM).Displacement at u=0.25;
a) damage evolution; b) deformed mesh
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a)

b)
Fig. 6.38 Three-point notched beam (CM).Displacement at u=0.3;
a) damage evolution; b) deformed mesh

a)

b)
Fig. 6.39 Three-point notched beam (CM).Displacement at u=0.35;
a) damage evolution; b) deformed mesh
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a)

b)
Fig. 6.40 Three-point notched beam (CM).Displacement at u=0.4;
a) damage evolution; b) deformed mesh

a)

b)
Fig. 6.41 Three-point notched beam (CM). Displacement at u=0.45;
a) damage evolution; b) deformed mesh
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a)

b)
Fig. 6.42 Three-point notched beam (CM).Displacement at u=0.5;
a) damage evolution; b) deformed mesh

6.2.2 Analyses for the Symmetric Beam with a Dense Mesh
In this section, the beam is analyzed using dense mesh (DM) as shown in Fig.6.28. The
damage evolution is first shown for the whole beam in Figs. 6.44-6.54 with the corresponding
mesh deformation. In Figs. 6.55-6.64, for a magnified portion of the beam, the damage
evolution is shown with the corresponding mesh deformation. All displacements unit are
shown in “mm”.
The load-deflection distribution shows good agreement with the experiment as shown in
Fig. 6.43. As in the coarse mesh, the results from the dense mesh also show some variation in
the softening region. Nevertheless the overall behavior of the beam shows a good agreement
between the numerical results and experimental observations.
Damage initiation occurs at a displacement of 0.06 with a corresponding maximum damage
value of 2.30x10-2 as shown in Figs. 6.44 and 6.55. The same argument given in part 6.2.1 for
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the coarse mesh case is also valid for the dense mesh; displacements smaller than 0.06 do not
necessarily mean that there is no deformation in the beam as shown in Fig. 6.45. In this figure
no damage values are observed.

This behavior is attributed to the linear (reversible)

deformation.
Plastic behavior of concrete is initiated at displacement of 0.06 and higher. Comparing the
initiation of damage for the coarse mesh at a displacement u=0.09 to that of the dense mesh at
a displacement of u=0.06, one observes that for the coarse mesh, damage is initiated at a
higher value of displacement by an increment of u=0.03 than the dense mesh. This can be
attributed to the element size. In the dense mesh the element size is smaller than that of the
coarse mesh. Hence, to deform a smaller element requires less displacement (or strain) and
time than deforming a larger element. Therefore this kind of variation in displacements is
expected.
It is clear that the displacement of u=0.06 is not a high value but enough to cause some
damage in plain concrete and perhaps some permanent deformation. As mentioned few times
earlier in this Chapter the ductility of the material decreases with the increase of the strength of
the concrete. One can then question if it is preferable to increase the concrete strength since it
causes more brittleness in the material? It is very likely that, the answer to this question
depends on the circumstances under which plain concrete is cast (where cast, what time cast,
material properties, etc). It will probably also depend on the approach used to model the
material behavior.
It is important to notice that for the ductile behavior of a material, it is easy to observe crack
propagation and take some precautions to prevent it from further development. However, in
brittle materials, it is very difficult to track a crack since the failure occurs very quickly. It is
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surely not a desirable situation to see the failure of a material without noticing crack initiation
and/or propagation in the material. Therefore, this is one of the disadvantages of brittle
material compared to the ductile ones.
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Fig. 6.43 Three-point notched beam (DM).Comparison of load vs. deflection

a)

b)
Fig. 6.44 Three-point notched beam (DM).Damage initiation at u=0.06;
a) damage evolution, b) deformed mesh
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a)

b)
Fig.6.45 Three-point notched beam (DM).Displacement at u=0.05;
a) damage evolution; b) deformed mesh

a)

b)
Fig.6.46 Three-point notched beam (DM).Displacement at u=0.1;
a) damage evolution; b) deformed mesh
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a)

b)
Fig.6.47 Three-point notched beam (DM). Displacement at u=0.15;
a) damage evolution; b) deformed mesh

a)

b)
Fig.6.48 Three-point notched beam (DM).Displacement at u=0.2;
a) damage evolution; b) deformed mesh
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a)

b)
Fig.6.49 Three-point notched beam (DM).Displacement at u=0.25;
a) damage evolution; b) deformed mesh

a)

b)
Fig.6.50 Three-point notched beam (DM).Displacement at u=0.3;
a) damage evolution; b) deformed mesh
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a)

b)
Fig.6.51 Three-point notched beam (DM).Displacement at u=0.35;
a) damage evolution; b) deformed mesh

a)

b)
Fig.6.52 Three-point notched beam (DM).Displacement at u=0.4;
a) damage evolution; b) deformed mesh
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a)

b)
Fig.6.53 Three-point notched beam (DM).Displacement at u=0.45;
a) damage evolution; b) deformed mesh

a)

b)
Fig.6.54 Three-point notched beam (DM).Displacement at u=0.5;
a) damage evolution; b) deformed mesh
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In the following section, the damage evolution and the corresponding deformation for the
dense mesh is addressed for various values of displacements for the magnified region
(zoomed-in) as shown in Figs. 6.55-6.64. The magnified area is shown in Fig. 6.28(b) as
“section-a”. In doing so, it allows the reader to analyze the beam closely and see the behavior
of the beam in a detailed way.

a)

b)

Fig. 6.55 Three-point notched beam (DM).Damage initiation-magnified at u=0.06;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.56 Three-point notched beam (DM).Displacement-magnified at u=0.1;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.57 Three-point notched beam (DM).Displacement-magnified at u=0.15;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.58 Three-point notched beam (DM).Displacement-magnified at u=0.2;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.59 Three-point notched beam (DM).Displacement-magnified at u=0.25;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.60 Three-point notched beam (DM).Displacement-magnified at u=0.3;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.61 Three-point notched beam (DM).Displacement-magnified at u=0.35;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.62 Three-point notched beam (DM).Displacement-magnified at u=0.4;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.63 Three-point notched beam (DM).Displacement-magnified at u=0.45;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.64 Three-point notched beam (DM).Displacement-magnified at u=0.5;
a) damage evolution, b) deformed mesh
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Finally, in this section a three-point beam bending is analyzed. Two kinds of meshes are
used; coarse mesh and dense mesh. All damage evolution and mesh deformation are shown
separately for different displacements. Load-displacement curve shows good agreement
between each mesh versus experiment.
Comparison between coarse-dense mesh versus experiment is shown in Fig. 6.64. In
overall behavior both dense and coarse mesh show close behavior and they also show good
agreement with the experiment.
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Fig. 6.65 Three-point notched beam.Load vs. deflection; Comparison
between coarse, dense and experimental result.

6.3 Four-Point Shear Specimen
In this example a benchmark experiment that was conducted by Arrea and Ingraffea (1981)
is analyzed. The dimensions of the beam are shown in Fig. 6.66. Material parameters used in
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this example are : compressive strength fc=45.5 MPa, tensile strength ft=2.80 MPa, modulus
of elasticity E= 24800 MPa, fracture energy Gf=0.055 N/mm, and Poisson ratio v=0.18.
Displacement (u) control is used in this example. All displacements are given in “mm” unit.
Four-noded elements are used in the numerical analysis. To simulate the experimental results,
a model is shown in Fig. 6.67 which is created using ABAQUS. Similar to the three-point
beam bending example (section 6.2), two kinds of meshes are considered; coarse mesh (CM)
and dense mesh (DM) as shown in Figs. 6.68. The boundary conditions are set up such that
(Fig. 6.67) the beam would be under shear effect as it is indicated in the results part for both
coarse and dense meshes.
0.13 P

P

225

82
203

397

61 61

397

203

Fig. 6.66 Four-point notched beam: experimental setup (units:mm)

Fig. 6.67 Notched beam model using ABAQUS; displacement control used
Damage evolution and mesh deformation are shown for both coarse and dense meshes for
different sections. As in the three-point beam bending test, damage parameter for all the results
are shown as “SDV20”.Damage initiation with its corresponding displacement is also shown
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in Figs. 6.71and 6.81. All damage evolution and mesh deformation for both coarse and dense
meshes are shown in Figs. 6.71- 6.78 and 6.81-6.88 respectively.

a)

b)

Fig. 6.68 Four-point notched beam. Finite element mesh: a) coarse, b) dense

6.3.1 Analyses for the Four-Point Beam with a Coarse Mesh
In this part, the beam deflection and damage evolution for different displacement using
coarse mesh (CM) are shown. The beam is meshed as shown in Fig. 6.68(a) using the
ABAQUS software package.
The behavior of the material for load versus displacement is shown in Fig. 6.69. Two
experimental and numerical results are shown in the figures. For the experimental results, one
can label the higher values as the “upper limit” and the lower values as the “lower limit”. For
the numerical results, two different compressive and tensile strength are used in order to study
the difference in the material behavior.
Mesh deformation versus initial mesh configuration under final displacement is shown in
Fig.6.70. From this figure, it can be easily seen that the mesh deformation from the initial to
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the peak displacement has a vertical direction. Initially the deformation propagates to the right
and then in the vertical direction.

Fig. 6.69 Four-point notched beam(CM). Load vs. deflection

Fig.6.70 Four-point notched beam (CM). Comparison of mesh deflection
with initial stage of the beam
The overall damage behavior is close to that of the experimental behavior. Track of the
damage evolution is also similar to that of the experimental mode of cracking. Damage
initiates at a displacement u=0.066.
For smaller values of displacement, the mesh deformation occurs at an insignificant rate
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and damage does not occur in the beam as shown in Figs. 6.72 and 6.73. This is because the
material is in the elastic region and has not yet reached to the plastic initiation. All damage
evolutions and mesh deformation are shown in Figs. 6.71- 6.78. The final damage evolution
and mesh deformation is shown in Fig. 6.78. The deformation in the beam is magnified 110
times. As it is from Fig. 6.78 the damage evolution distribution is almost in the vertical
direction. It is clear that from the beginning to the end of the damage evolution, two elements
are damaged only as shown in Fig. 6.78. At about a displacement of 0.096, the damage
distribution has a straight vertical direction as shown in Fig. 6.78. After a value of u=0.096, the
deformation moves to the second element. Later, in section 6.3.2, it is shown that when using a
fine mesh the deformation has an angle around 65 degree with respect to the horizontal axis (x)
at the beginning and following that it continues in a vertical direction to the top of the beam.

a)

b)

Fig. 6.71 Four-point notched beam (CM). Damage initiation at u=0.066;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.72 Four-point notched beam (CM). Displacement at u=0.03.;
a) damage evolution, b) deformed mesh

a)

b)

Fig.6.73 Four-point notched beam (CM). Displacement at u=0.06.;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.74 Four-point notched beam (CM). Displacement at u=0.072.;
a) damage evolution, b) deformed mesh

a)

b)

Fig.6.75 Four-point notched beam (CM).Displacement at u=0.084.;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.76 Four-point notched beam (CM).Displacement at u=0.096.;
a) damage evolution, b) deformed mesh

a)

b
Fig.6.77 Four-point notched beam (CM).Displacement at u=0.108.;
a) damage evolution, b) deformed mesh
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a)

b)
Fig.6.78 Four-point notched beam (CM).Displacement at u=0.12.;
a) damage evolution, b) deformed mesh

6.3.2 Analyses of the Four-Point Beam with a Dense Mesh
The case of a four-point beam using a dense mesh is now studied. The dense mesh (DM) of
the beam is shown in Fig. 6.68 (b). As in the case of the coarse mesh, the same four-noded
element is used. All mesh and geometry is created using the ABAQUS software. As one would
expect, the analyses using the dense mesh consumes much more time than the coarse mesh.
The load-displacement curve behavior shows more ductility than that observed from the
experimental results and it is shown in Fig. 6.79. As previously stated, all displacements are
given in unit “mm”. Two sets of experimental results are shown in the figure. The behavior of
the material in the elastic region compares well with the experiments. To capture the softening
behavior of concrete is a challenge. Nevertheless, the overall behavior of the numerical results
is compare well with the experiments especially the upper and lower limits.
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6.79 Four-point notched beam (DM). Load vs. displacement
Damage initiation for the dense mesh begins at a displacement of 0.043 with the maximum
damage value of 1.94x10-2 as can be seen in Fig. 6.81. At a displacement of 0.03, no damage
occurs in the beam except for some small deformation in the mesh as shown in Fig. 6.82(b).
The beam damage evolution and mesh deformation under various displacements are shown in
Figs. 6.81-6.88. The final beam mesh deflection versus initial (undamaged) configuration is
shown in Fig.6.80. Beam deflections for these displacements are shown at a magnification of
70 times.
It should be noted that the damage evolution and mesh deformation in the beam initiates
from the top of the crack to the top of the beam with an angle ranging from 60 to 70 degrees
with respect to the horizontal axis of the beam. This kind of deformation was also observed in
the experiments of Arrea and Ingraffea (1981) and other researchers such as Malvar and
Warren (1998), Lubliner et al. (1989), etc.
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The final deflection and damage of the beam is shown in Fig. 6.88. From the figure it is
clear that the failure of the beam occurs at a maximum damage value of “1” which is a damage
critical value for the model that is proposed in this work (see Chapter 4).

Fig.6.80 Four-point notched beam (DM). Comparison of mesh deflection
with initial stage of the beam

a)

b)

Fig. 6.81 Four-point notched beam (DM).Damage initiation at u=0.043;
a) damage evolution, b) deformed mesh
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a)

b)

Fig.6.82 Four-point notched beam (DM).Displacement at u=0.03;
a) damage evolution, b) deformed mesh

a)

b)

Fig.6.83 Four-point notched beam (DM).Displacement at u=0.06;
a) damage evolution, b) deformed mesh
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a)

b)
Fig.6.84 Four-point notched beam (DM).Displacement at u=0.072;
a) damage evolution, b) deformed mesh

a)

b)
Fig.6.85 Four-point notched beam (DM).Displacement at u=0.084;
a) damage evolution, b) deformed mesh
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a)

b)
Fig.6.86 Four-point notched beam (DM).Displacement at u=0.096;
a) damage evolution, b) deformed mesh

a)

b)
Fig.6.87 Four-point notched beam (DM).Displacement at u=0.108;
a) damage evolution, b) deformed mesh
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a)

b)
Fig.6.88 Four-point notched beam (DM). Displacement at u=0.12;
a) damage evolution, b) deformed mesh
Using the analyses of the four-point beam specimen for both coarse and dense meshes, the
difference is now shown between the two meshes in Fig.6.89. The overall behavior for both
meshes is quite similar. Therefore, the mesh sensitivity did not present a problem in this work.
Damage initiates at a displacement value of 0.066 and 0.043 for both coarse and fine mesh
respectively as shown in Figs. 6.71 and 6.81. This is considered to be the result of the element
size as was pointed out in the conclusion for the three-point notched beam in Section 6.2. In
the dense mesh, the element size is smaller than the coarse mesh. Therefore, the dense mesh
requires smaller displacements to have the deformation of that of the coarse mesh.
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Fig.6.89 Four-point notched beam (DM).Load vs. deflection; comparison
between coarse and dense mesh
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Chapter 7 Summary, Conclusions and Future Recommendations
7.1 Summary
A plasticity-damage model is presented for plain concrete. Two criteria are used for each of
plasticity and damage. The plasticity yield criterion is based on the Lubliner model (Lubliner
et al., 1989). The corresponding damage yield criterion uses a second order damage variable
i.e. ϕij . Numerical simulations are conducted using the advanced finite element program
“ABAQUS (2003)”. Formulations are coded via a user subroutine (UMAT) and then linked
using the ABAQUS input file. Three different examples are used in order to simulate the
numerical results for uniaxial/biaxial-tension/compression, three-point notched beam and fourpoint beam specimen. All numerical examples are compared with corresponding experimental
data.
The plastic-damage model separates the different loadings into compression and tension
parts. From the model predictions obtained, the damage evolution versus the strain is presented
in both compression and tension for the case of Normal Strength Concrete (NSC) and High
Strength Concrete (HSC). Results from different loadings for NSC and HSC are presented for
both in separate and merged way in order to provide different perspectives of the results which
can be very helpful to the reader. For the three-point and four-point notched beams the results
are shown for different displacements. For all the examples presented in this work, the material
parameters are defined in each example. The experiments used to compare with the
corresponding simulations are defined in example and are appropriately cited in the reference
section. For the beam examples, two different meshes are adopted; a coarse and a dense mesh.
Mesh deflections are also shown for the various displacements in both coarse and dense mesh.
Damage initiation for each example for the coarse and dense meshes is also shown.
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Finally, results are shown for the load versus displacement, stress versus strain, damage
versus strain, and strain versus damage. Damage evolution is shown in all the examples
presented here. Damage distribution and deflection in beams for both coarse and dense meshes
are presented for the whole beam for various displacements.

7.2 Conclusions
The model that is presented in this work is able to capture the material behavior and
response in all the examples that are used here and compared with the experimental data.
The following conclusions are drawn from the presented work and numerical simulations:
 The model predicts the behavior of concrete under tension and compression for both
uniaxial and biaxial loadings.
 Good predictions are obtained for both the three-point notched and four-point notched
beams for the case of load-displacement when compared with the experimental results.
 For

uniaxial/biaxial-tension/compression,

the

damage

evolution

increases

monotonically with the increase in strain.
 Damage evolution in the beam examples is predicted similarly for both the coarse and
dense meshes. The model shows a very good prediction of the damage propagation
along the thickness of the beam.
 Hardening and softening behavior in concrete is captured well and compares overall
well with the experimental data.
 To predict the damage behavior of the material, a second order damage tensor is used.
 The model is easily implemented in the finite element code using a user subroutine,
and the simulation of the material behavior uses reasonable time (10-20 second) which
demonstrates the efficiency of the presented model.
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7.3 Future Recommendations
The following future research can be considered as an extension of this work:
¾ Extending the model in order to simulate the concrete behavior for a reinforced
concrete material.
¾ Extension to cyclic and dynamic analysis for both plain and reinforced concrete.
¾ Second order damage tensor can be expanded to the fourth order damage tensor in
order to increase the accuracy of numerical simulations and provide more physical
basis for the interpretation of damage.
¾ Expanding the model to impact damage problems in order to analyze dynamic and high
velocity impact problems such as a penetration of projectile to a both plain and
reinforced concrete materials, e.g. concrete wall.
¾ Studying size effects in concrete, such as gradient theories and scale length theories.
¾ Analyses of concrete using fibrous material in it.
¾ Incorporating creep effects and shrinkage in all of the above addressed research areas.
¾ Incorporation of probabilistic approaches especially in the case of damage modeling.
¾ Expanding all of the issues that explained above to three-dimensional analyses.
¾ Incorporating the temperature effect in all of the above addressed research areas.
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Appendix: Calculation of the Principal Stresses
The components of the stress tensor σ ij can be in tensor form as the following
⎛ σ 11 σ 12 σ 13 ⎞
σ ij = ⎜⎜ σ 21 σ 22 σ 23 ⎟⎟
⎜σ
⎟
⎝ 31 σ 32 σ 33 ⎠

(A.1)

The principal stresses can be obtained using the following relation:

σˆ ij = liml jnσ mn

σ ij = lmi lnjσˆ mn

(A.2)

The above equation can be rewritten for both tension and compression such that:
+
σ ij+ = lmi lnjσˆ mn

(A.3)

−
σ ij− = lmi lnjσˆ mn

(A.4)

where σ + and σ − are stresses for both tension and compression respectively. And l
is transformation matrix and given as:
⎛ cos θ
⎜
lij = ⎜ sin θ
⎜ 0
⎝

− sin θ
cos θ
0

0⎞
⎟
0⎟
1 ⎟⎠

(A.5)

where the angle θ is the transformation angle.
The final form of the principal stresses in matrix form is given in the following:
0 ⎞
⎛ σ 11 0
⎜
σ ij = ⎜ 0 σ 22 0 ⎟⎟
⎜ 0
0 σ 33 ⎟⎠
⎝

(A.6)

1. Principal Stresses
Here, set of linear relation is presented. The relation can be obtained in any
advanced mathematics or solid mechanics literature and therefore they are just
adopted in their original form and no attempt here is given to prove the derivations.
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The following known relation is given:
(σ ij − σδ ij )n j = 0

(A.7)

The above equation is a set of three linear homogenous equations for [ n1 n2 n3 ] . In
order to have a solution of Eq.(A.7), the determinant of it should be equal to zero.
And n is a unit vector normal to the plane and the x, y, and z directions.
Following the above argument, determinant of Eq. (A.7), we can write the
following:

σ ij − σδ ij = 0

(A.8)

By taking the determinant of the above equation, we get:

σ 3 − I1σ 2 + I 2σ − I 3

(A.9)

where I1 is the sum of the diagonal terms of the stress matrix, σ ij , and given as:
I1 = σ ii = σ 11 + σ 22 + σ 33

(A.10)

I 2 is given in the following form:
I2 =

σ 22 σ 22 σ 11 σ 13 σ 11 σ 22
1 2
( I1 − σ ijσ ij ) =
+
+
σ 32 σ 33 σ 31 σ 33 σ 21 σ 22
2

(A.11)

I 3 is obtained taking the determinant of σ ij :

1
I 3 = (2σ ijσ jkσ ki − 3I1σ ijσ ij + I13 )
6

(A.12)

σ 11 σ 12 σ 13
or I 3 = σ 21 σ 22 σ 23
σ 31 σ 32 σ 33
Equation (A.9) is a cubic equation and therefore has three real roots. All these
roots must satisfy the conditions:
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I1 = σ 1 + σ 2 + σ 3

I 2 = σ 1σ 2 + σ 2σ 3 + σ 3σ 1

I 3 = σ 1σ 2σ 3

(A.13)

The quantities I1 , I 2 , and I 3 are called the invariants of the stress tensor σ ij which
means that the value of σ ij are not changed by a rotation of the coordinate system. In
order to represent these argument, to use the fact that σ ij is in tensor form, as a result
of any scalar quantity (no free indices) constructed out of σ ij must be invariant. They
can be obtained from the following relations:
I1 = σ ii = σ 1 + σ 2 + σ 3 = I1
1
1
1
I 2 = σ ijσ ij = (σ 12 + σ 22 + σ 32 ) = I12 − I 2
2
2
2
1
1
1
I 3 = σ ijσ jkσ ki = (σ 13 + σ 13 + σ 13 ) = I13 − I1 I 2 + I 3
3
3
3

(A.14)

Now, one can rewrite Eqs. (A.10), (A.11), and (A.12) in more simplified way so
that the computation becomes easier, Equations are given in the following form,
respectively:
I1 = σ x + σ y + σ z

(A.15)

I 2 = σ xσ y + σ xσ z + σ yσ z − (τ xy2 + τ yz2 + τ xz2 )

(A.16)

I 3 = σ xσ yσ z + 2τ xyτ yzτ xz − (σ xτ yz2 + σ yτ xz2 + σ zτ xy2 )

(A.17)

where τ pp is the shear stress and the subscript “p” can be x, y, or z configuration
which correspond to axis 1, 2, and 3, respectively.
The following expression for the stress can be given in two and three dimension
configuration (Messai, E.E., 1978; Terry, E.S., 1979):

σ a = 2 S ⎡⎣cos (α 3) ⎤⎦ + 13 I1

{

}

σ b = 2S cos ⎡⎣(α 3) + 120 ⎤⎦ + 13 I1
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(A.18)
(A.19)

{

}

σ c = 2S cos ⎡⎣(α 3) + 240 ⎤⎦ + 13 I1

(A.20)

The constants R , S , T , Q , α and are given in the following form, respectively:
1
R = I12 − I 2
3

( R)

S=
T=

1

1
3

(

1
27

R3

)

2

1

(A.21)

(A.22)
2

Q = 13 I1 I 2 − I 3 − 272 I13

⎛ Q ⎞
⎟
⎝ 2T ⎠

α = cos −1 ⎜ −

(A.23)

(A.24)
(A.25)

Once the stresses σ a , σ b , σ c are obtained, one needs to rearrange the stresses
from the biggest to smallest value. The biggest value will correspond to the first
principal stress, i.e., σ 1 . The principal stresses should be in the following order

σ1 > σ 2 > σ 3 .

2. Computation of the Direction Cosines
One can write the following relation:
l12 + m12 + n12 = 1

(A.26)

where l , m and n can be obtained from the following expressions, respectively:
li = ai ki , mi = bi ki , ni = ci ki

(A.27)

The values of a, b, and c are obtained by taking the cofactor of the matrix which is
expressed in the following form:
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⎛ (σ x − σ i )
τ xy
τ xz ⎞ ⎧li ⎫
⎜
⎟⎪ ⎪
(σ y − σ i )
τ xy ⎟ ⎨mi ⎬ = 0
⎜ τ xy
⎜ τ xz
τ yz
(σ z − σ i ) ⎟⎠ ⎪⎩ni ⎪⎭
⎝

(A.28)

Then
ai =

(σ y − σ i )

τ yz

τ yz

(σ z − σ i )

bi = −

ci =

τ xy

τ yz

τ xz

(σ z − σ i )

τ xy

(σ y − σ i )

τ xz

τ yz

Now, ki in Eq. (A.27) is given by the following expression:
1
ki =
1
2
2
(ai + bi + ci2 ) 2

(A.29)

(A.30)

To show that indeed the relation that is given in Eq. (A.26) is valid, one can make
use of Eqs. (A.26), (A.27) and (A.30) to write:
ai2 ki2 + bi2 ki2 + ci2 ki2 = 1
ki2 (ai2 + bi2 + ci2 ) = 1
⎛
1
⎜
2
2
⎜ (a + b + c 2 ) 12
i
i
⎝ i

2

⎞
⎟ (ai2 + bi2 + ci2 ) = 1
⎟
⎠

(A.31)

1
1
= 2
2
2
(a + bi + ci )
(ai + bi2 + ci2 )
2
i

1=1
So, the left and the right side of the equation is equal, which proves the given relation
in Eq. (A.26) is valid.
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2. Calculation of the Second Invariant ( J 2 )
The second invariant is given as:
J2 =

1
Sij Sij
2

(A.32)

where Sij is deviatoric stress tensor and given as:
1
Sij = σ ij − σ kk δ ij
3

(A.33)

Now, by substituting the above equation into Eq. (A.32) and simplifying it we get:

σ
σ
1⎛
⎞⎛
⎞
J 2 = ⎜ σ ij − kk δ ij ⎟ ⎜ σ ij − kk δ ij ⎟
2⎝
3
3
⎠⎝
⎠
2σ ppσ kk σ ppσ kk
1⎛
= ⎜ σ ijσ ij −
+
2⎝
3
3
=

2
⎤
σ pp
⎞ 1⎡
=
−
σ
σ
⎢ ij ij
⎥
⎟
3 ⎥⎦
⎠ 2 ⎢⎣

(A.34)

1⎡ +
1 +
− 2⎤
+ σ pp
(σ ij + σ ij− )(σ ij+ + σ ij− ) − (σ pp
) ⎥
⎢
2⎣
3
⎦

Expanding the above relation we obtain:

J2 =

2
2
1⎡ + +
1
⎤
(σ ij σ ij + σ ij−σ ij− + 2σ ij+σ ij− ) − (σ +pp + σ −pp + 2σ +ppσ +pp ) ⎥
⎢
2⎣
3
⎦

(A.35)

The total stress is presented as follows:

σ ij = σ ij+ + σ ij− then
σ ij+ = σ ij − σ ij−

(A.36)

σ ij− = σ ij − σ ij+
Now, by substituting the above equation into Eq. (A.35) we obtain the following
for tension and compression cases respectively:
J 2+ =

2
1⎡ + +
1
⎤
(σ ij σ ij + 2α +σ ij+ (σ ij − σ ij+ ) − (σ +pp + 2α +σ +pp (σ pp − σ +pp )) ⎥
⎢
2⎣
3
⎦
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(A.37)

J 2− =

1⎡ − −
1 −2
⎤
− −
−
(
2
(
)
(σ pp + 2α −σ −pp (σ pp − σ −pp )) ⎥
σ
σ
α
σ
σ
σ
+
−
−
ij
ij
ij
ij
ij
⎢
2⎣
3
⎦

(A.38)

Where
- J 2+ is the second invariant for the tension case and J 2− is the second
invariant for the compression case. In the uniaxial tension case J 2+ = J 2 , and in the
case of uniaxial compression J 2− = J 2 .
- α ( p ) is the weighting function, “p” designates “+” for tension case and “-”
for compression case:

α + = 0 in uniaxial tension
α − = 0 in uniaxial compression
α +α =1
+

−
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(A.39)
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